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Introduction 

Consider a closed subgroup if of a locally compact group G together with a strongly continuous unitary 
representation u of H on a Hilbert space K. The construction of the induced representation uses these 
three ingredients to supply a new strongly continuous unitary representation p of the larger group G on 
a new Hilbert space K,. 

Induced group representations for finite groups where first introduced by Frobenius in 1898. The theory 
of induced representations for locally compact groups was initiated by Mackey in 1949 (see |Q, and 
|l6|). He restricted himself to locally compact groups satisfying the second axiom of countability and 
separable Hilbert spaces. The general case was treated by Blattner in 1961 (see S). 
The role of the theory of induced representations in the classical theory of locally compact groups can 
hardly be underestimated. This construction is for instance one of the primary instruments to construct 
the different series of special representations of various non-compact locally compact groups. 

Building on the work of Enock & Schwartz and Kac & Vainerman in the theory of Kac algebras (see 
Baaj & Skandalis, Kirchberg, Woronowicz and Masuda & Nakagami in the more general setting of 
quantum groups, S. Vaes and the author developed a relatively simple definition of a locally compact 
quantum group. These locally compact quantum groups can present themselves in different forms. Two 
of these forms are formulated in an C*-algebraic setting (see jy} and [jio)) but in this paper we are mainly 
in the von Neumann algebraic setting (see |ft2i). 

Building on this definition, it is important to further develop the proper theory of locally compact 
quantum groups and in this way obtain a theory that is as rich as the classical theory of locally compact 
groups. In this light, it is very natural to generalize the theory of induced representations to the quantum 
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group setting. This paper deals with the first step in this generalization, the construction of the induced 
corepresentation and establishing its unitarity. 

Starting from two von Neumann algebraic quantum groups [M, A) and (N, A) together with a special 
action a : M — » M N (that mimics the role of the obvious action of the group H on G) and a unitary 
corepresentation U of the 'smaller' quantum group (N, A), we construct a new corepresentation p of 
[M, A). Under a mild integrability condition, we prove that this new corepresentation p is again unitary. 
The difficulty of proving the unitarity of the corepresentation p is even more pronounced than proving 
the unitarity of multiplicative unitaries popping up in the axiomatic approach to quantum groups. 
The further development of the theory of induced corepresentations will be postponed to later papers. 

Thanks to the theory of normal faithful semifinite weights on von Neumann algebras, the existence of the 
quantum version of quasi-invariant measures in the classical theory becomes a mere observation in the 
quantum setting. Although the classical quasi-invariant measures provide Radon Nikodym derivatives, 
the role of these Radon Nikodym derivatives is much less important in the quantum setting because they 
seize to exist in general. Since these Radon Nikodym derivatives appear prominently in the definition of 
the induced representations in the classical theory, another approach had to be found. 

In this respect, the results in [ fl9| come to the rescue and play a vital role in getting the theory going. 
In this paper, S. Vaes proves that every action of a von Neumann algebraic quantum group on another 
von Neumann algebra is implemented by a canonical unitary corepresentation (this is a generalization of 
a classical result of U. Haagerup). 

The paper is organized as follows. In section 1 we give a short overview of weight theory on von Neumman 
algebras. The second section contains the definition of a von Neumann algebraic quantum group. We 
fix the data that we will need for the rest of the paper in section 3. The carrier space of the induced 
corepresentation is constructed in section 4, together with a useful characterization of the tensor product 
of this carrier space with any Hilbert space. The induced corepresentation itself is constructed in section 
5. Under an integrability condition, we provide an important dense subspace of the carrier space in 
section 6. In section 7, we prove the unitarity of the induced corepresentation under this integrability 
condition. In the last section we establish a bijective correspondence between the quasi-invariant weights 
and a certain class of weights on the 'larger' von Neumann algebra M. 

We end this introduction with some notations and conventions. If V is a normed space and L is a subset 
of V, then (L) will denote the linear span of L, [L] will denote the closed linear span of L. For any set 
/, we define F(I) to be the set of all finite subset of I and we turn F(I) into a directed set through the 
inclusion relation. The identity map will be denoted by t. If V, W are two vector spaces, the algebraic 
tensor product is denoted by V W (we will also use for the tensor product of linear maps). 

Consider two von Neumann algebras M and N. The von Neumann algebraic tensor product of M and 
N will be denoted by M TV (again, we will also use for the tensor product of sufficiently nice normal 
linear maps). We denote the flip automorphism from M N to N M by X. 
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1. Preliminaries on weights and operator valued weights 



Before starting our discussion on weights, we would first like to mention the following useful property. 
Consider Hilbert spaces H,K and elements I,Fe B{H K), v,w G K and (ej)j e j an othonormal basis 
for K. Then the net 



We assume that the reader is familiar with the theory of normal faithful semi-finite weights (in short, 
n.s.f. weights) on von Neumann algebras. Nevertheless, let us fix some notations. So let ip be a n.f.s. 
weight on a von Neumann algebra. Then we define the following sets: 

1. M.^ = { x G M + | ip(x) < oo }, so M.+ is a hereditary cone in M + , 

2. Af v = {x G M | x*x G M+ }, so N v is a left ideal in M, 

3. A4 V = the linear span of M + in M, so 7W V is a sub *-algebra of M. 

There exists a unique linear map F : M v —> C such that F(x) = tp(x) for all x G For all x G M. v , 

we set y>(x) = F(x). 

A GNS-construction for is a triple {H v ,ir v ,k v ), where H v is a Hilbert space, n v : M — * B{H V ) is a 
normal *-homomorphism and A v : J\f v — > -ff^ is a cr-strong* closed linear map with dense range such that 

1. (A ¥3 (x), A v (y)) = <^(y*x) for all x,y G A/" y , 

2. A v (xy) — Kp(x)A v (y) for all x G M and y G A/^. 

Such a GNS-construction always exist. The modular group of tp will be denoted by a v , the modular 

operator by V v and the modular conjugation by J v (these last two objects are defined with respect to the 

i i 

GNS-construction). Recall that K v (M*f\N' v ) is a core for the operator J V V} and ( J V V^) A v (x) = A v (x*) 
for aUx eJ\f v nJ\f*. 

Consider two von Neumann algebras M, N. Let tp be a n.f.s. weight on M with GNS-construction 
{H v , ir v , A v ) and let tp be a n.s.f. weight on N with GNS-construction (iT,/,, n^, A^). The tensor product 
weight i/> is a n.s.f. weight on M ® A (see e.g. definition 8.2 of [[l7| for a definition). This tensor 
product weight has a GNS-construction {H v if^ , 7r v 7r^, , A^ A^) where A v A^ : — ► i?^ (8 i?^ 
is the cr-strong* closure of A v A^, : A/^ A/^, — ► i?^ . 

Let M be any von Neumann algebra. For the definition of the extended positive part M+. t of M we refer 
to definition 1.1 of J|. For T G M+ t and w G M+, we set w(T) = T(w) G [0, oo]. Recall that there exists 
an embedding M + <^-> M+< t such that = w(x) for all x G M+ and cj G M+. We will use 

this embedding to identify M + as a subset of M+ Xt . 

Consider a von Neumann algebra M and a sub von Neumann algebra A of M. The definition of an 
operator valued weight from M to A is given in definition 2.1 of |^|. 

Now consider two von Neumann algebras M and N and a n.f.s. weight tp on A/ with GNS-construction 
(HpjTTpjAy,). We identify A with 1 A as a sub von Neumann algebra of M A to get into the 
framework of operator valued weights. The operator valued weight tp i : (M A) + — > A+. t is defined 
in such a way that for x G (M A) + , we have that 

w((<^0i)(x)) = tp[(i . 

As for weights we define the following sets: 

1. A4+ 8t = { x G (M A)+ | (y> i)(x) G A+ }, so A4+j t is a hereditary cone of (M A) + , 

2. A/" v ® t = { x G M A | x*x G A-f + 8t }, so N V ® L is a left ideal in M A, 




(1.1) 



is bounded and converges strongly* to (i w, jm )(iy) (see e.g. lemma 9.5 of Jll[ for a proof). 
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3. M. v tg! t = the linear span of M in M ® N, so M V ® L is a sub *-algebra of M ® N . 

There exists a unique linear map G : M. V ® L — > AT such that G(x) = (93 eg) t)(x) for all x £ -Mj^. For all 
a; E -M^gii, we set (</5 Cg) t)(x) = G(x). Let a 6 and b E N . Then it is easy to see that a <8 6 belongs 
to A^^ign and (<p ® t)(a <8 6) = (/3(a) 6. 

Thanks to the remark after lemma 1.4 of ||, we also have the following characterization of M^^: Let 
x £ (M <g> AT) + , then x belongs to M^ 9l ^ ip((t Cg) w)(x)) < 00 for all uj E A7+. 

Let a; E A/^gn, and w E AT*. The inequality (t ® w)(x)*(t Cg) u)(x) < ||w|| (4 Cg) |w|)(x*x) implies that 
(t eg) w)(x) E A/" v and 

||A„((4®w)(aO)|| < |M| \\(A v ®l)(x)\\ . 

As for weights, there exists also a KSGNS-construction for this operator valued weight <p Cg) 4. For this, 
let 77 denote the Hilbert space on which A~ acts. 

Definition 1.1. There exists a unique linear map A v Cg) 4 : N V ® L — > B(H,H V Cg) 77) sucft £/iaf 

((A v Cg> t)(x) u, A v (a) ®w) — ({ip ® t)((a* Cg) l)x) u, 10) /or aZZ x E N V ® L , a E A/" v and v,w E H . Moreover, 

the following properties hold: 

1. (A,,, Cg> t)( x 2/) = (^v ® (-^v ® 0(2/) f or all x E M ® N and y E Af v ® L 

2. (A v Cg) t)(y)*(A ¥ , <8 i)(x) = (y> ® t)(y*x) /or aZZ x, y E Mtp®i- 

3. 77^ eg) 77 = [ (A v (8) t)(x)u I x E Af v ^ L ,v E 77]. 

We have of course that (A v Cgu) (a Cg) 0) i> = A v (a) Cg> 61; for all a E A/ v , 6 E N and v E H. 

The proof of the existence of the map A v Cg> 4 and most of its properties can be extracted from the following 
result: 

Result 1.2. Consider x E Afvi® L , v E H and an orthonormal basis (ej)igj /or 77. TTien 

Lie/ ll A ¥'(( t ® ^,ei)(»)l| 2 < 00 

(A v cg> t)(x) u = 2J A v ((t ® w„, ei )(x)) ® ei . 
iei 

It is also possible to show that A v Cg) 1 : Af v ^ L — > B(H,H V eg) 77) is closed for the cr-strong* topology on 
M ® N and the strong topology on 73(77, 77 v eg) 7?) (see proposition 3.23 of Q for a similar result in the 
C*-algebra setting). One can even prove the following fact: 

Let x E N V ® L . Then their exists a net (xj)j £ j in A/" v AT such that ||xj|| < ||x|| and || (A^ eg> 4)(xj)|| < 
|| (Ay, (8) t)(x)|| for all i £ J, (xi)j e j converges strongly* to x and ( (A v (8 0( x <) ) j£ / converges strongly* 
to (A v (8 t)(x) (techniques for the proof of this fact can be found in the proofs of proposition 3.28 of [ fl3| 
and proposition 7.9 of ||). 

We should also mention the following dominated convergence property (see also proposition 3.24 of p3| ): 
Let (xj)j e j be a net in M~X^ L and x an element in A4 V ® L such that X{ < x for all i £ 7 and (xi)j e j 
converges strongly to x. Then ( (99 (8 C){xi) ) ig/ converges strongly to (y> (8 t)(x). 

It is clear that we also define L®ip and l®A v in a similar way. But we will also use the following variations. 
Let L,M,N be three von Neumann algebras and let <p be a n.s.f. weight on L with GNS-construction 
(H v , tt v , A v ). Then we define <p (g) lm €5 tjv = f <8 lm®n and A v (8 tM ® tjv = A v (8 lm®n- Similarly for 

£m <8> tjv (8 

In order to define tM ® 99 <8 tjv, we use a permutation operator. Therefore letX:M®Jv— >L0M denote 
the flip * -isomorphism, then we set lm ® f <8 tjv = <8 tM <8> tjv)(X (8 tjv)- If ^ acts on 77 and AT acts 
on K, we define jm ® A v ® Ln = (S <8 1k)(A ¥ , (8 im €5 iat)(X (8 iat) where S : 77^ ® 77 — > 77 ® 77 v denotes 
the flip transformation. 
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2. The definition of a von Neumann algebraic quantum group 

In wc defined reduced C*-algebraic quantum groups. But it is also possible to formulate the theory in 
the von Neumann algebra setting as was done in Jl2| . In this paper we will use this alternative approach 
because it better suits our needs. It should be said however that there exists a natural bijection between 
these two notions of quantum groups in the operator algebra setting. 

Definition 2.1. Consider a von Neumann algebra and a unital normal * -homomorphism A : M — > 
M ® M such that (A ® i) A = (t <g> A)A. Assume moreover the existence of n.s.f. weights p and ip on M 
such that 

1. We have for all a E and lj E M+ that ip((u) <8> t)A(a)) = (p{a) w(l). 

2. We have for all a E Mt and ui £ Af+ that ip((i ® w)A(a)) = if) (a) 
Then we call the pair (M, A) a von Neumann algebraic quantum group. 

An elaborate discussion about von Neumann algebraic quantum groups and their relation with their 
C*-algebraic counterparts can be found in fl2]| . 

Let us fix some further notations and terminology. Therefore consider a von Neumann algebraic quantum 



group [M, A). Fix also a n.s.f. weight ip on M satisfying property (1) of definition 2.1 (such a weight is 
called a left Haar weight of (M, A) ). 

There exists a unique cr-strongly* closed mapping S in M such that 

1. We have for all a, 6 £ J\f v that (i (g> p)(A(a*)(l 2) b)) £ D(S) and S((i ® <p)(A(a*)(l (8) 6))) = 
(t®^)((l®a*)A(6)) 

2. The space ( (t (g> y>)(A(a*)(l (8) 6)) | a, 6 € A/" v } is a cr-strong* core for S. 

There exist a unique anti "-automorphism R on M and a unique cr-strongly* continuous one parameter 
group t on M such that 

i? 2 = t Rr t = T t R forallteR S = Rt_ ± . 

2 

We call S the antipode, R the unitary antipode and r the scaling group of our quantum group [M, A). 
There exists a positive number v > satisfying ipr t — v~ l ip for all tel. The number ^ is referred to 
as the scaling constant of (M, A). 



Since X(R <g> i?)A = Ai?, the n.s.f. weight ip — tpR satisfies condition (2) of definition 2.1. We also get 
that ipaf = v~~ l ip for t 6 I. Hence there exists a positive self-adjoint operator 6 affiliated to M such 
that erf (6) = v* 6 for all t £ K and ip — (ps (for a precise definition of 935, see definition 1.3 of j^]). In 
other words, ^ is absolutely continuous with respect to ip and S is the Radon Nykodim derivative of ip 
with respect to ip. The element S is called the modular element of (M, A). 



3. Fixing the data 



In this section we will introduce the data that we will use throughout this paper. So let (M, Am) and 
(N, Atv) be two von Neumann algebraic quantum groups with left Haar weights ipM and p^ respectively. 
Without loss of generality, we may and will assume that M and N are in standard form with respect 
to Hilbert spaces Hm and Hn respectively. We also fix GNS-constructions {Hm,i>,^m) an d (Hn,l,An) 
for pm and pn respectively. Throughout this paper, the natural objects (like the antipode, the unitary 
antipode) associated to (M, Am) will get a sub- or superscript M. The same rule applies to (N, Ajy). 
Define the right Haar weights ipM and ipN on (M, Am) and (TV, Ajy) respectively as ipM — Pm Rm and 
ipN = pn Rn, where Rm and Rpj are the unitary antipodes of (M, Am) and (JV, A^r) respectively. 
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Let 8m and 8m denote the modular elements of (M, Am) and (N, Ajv) respectively. So 8m is the Radon 
Nykodim derivative of ipM with respect to tpM and 8j\r is the Radon Nykodim derivative of ipjq with respect 
to ippf. We define the GNS-constructions {Hmi^i Tm) and (Hn, l,Tn) of ipM and ^jv respectively by 
setting r M = (A m ) 5m and T N = (A N )s N - 



We also would like (JV, An) to be some kind of 'sub quantum group' of (M, Am)- Without trying to go 
further into the somewhat delicate notion of a 'sub quantum group' , we will impose a less restrictive 
condition on the pair M,N. 

So we will assume the existence of a normal injective *-homomorphism a : M — > M ® N such that 

(a <8> i)a — (l <g> Aat)q; and (Am <8> t)a = (t ® ck)Am • (3-2) 

The first equality means that a is a right action of (JV, Ajv) on M. These two conditions are equivalent 
to the fact that there exists a morphism of quantum groups from (M, Am) to (JV, Ajv), a fact that is 
proven in section 10 of ]To| . 

We define the sub von Neumann algebra Q of M as 

Q = { x £ M | a(x) = x ® 1 } . 

This Q should be thought of as a quantum analogue of the i°°-functions on the left coset space. The role 
of the quasi-invariant measure on the left coset space will be played by any normal semi finite faithful 
weight on Q. Therefore we fix some n.s.f. weight 9 on Q together with a GNS-construction (Hg, irg, Ag) 
for it. 



Lemma 3.1. We have A M (Q) CM®Q. 



Proof. Choose x £ Q. Take y £ Q' . Using equation (3.2), we get for all u> £ M*, 
a((uj ® t)A M (x)) = (u ® l <8> t) ((t O o)Ajf(i)) = (w ® t <8 t)((^M ® t)a(^)) = (w ® t)( A M(a;)) ® 1 , 

implying that (ui ig) i)Am(i) 6 Q and hence (w (8) ()(Am(i))i/ = y (w ® ()(Am(i)). We conclude that 
A M (x)(l ® y) = (1 O 2/)A M (a;). Therefore A M {x) £ (M' ® Q')' = M®Q. □ 



So we see, by the coassociativity of Am, that the mapping (3 : irg(Q) — ^ M eg) irg(Q), defined such that 
(3{irg{x)) = (i <8) 7re)AM(x) for all x £ Q, is a left action of (M, Am) on Q. In Jl9| , Stefaan Vaes showed 
that any such a left action has an implementation by a unitary corepresentation. So we define T to be 
the unitary element in M (E) B(Hg) such that T* is the unitary implementation, as defined in definition 
3.6 of |l9|, of the left action f3. Recall from that T enjoys the following properties: 

1. (L<gnre)A M (x) = T*(l<S>7r e (x))T for all x £ Q , (3.3) 

2. (Am ®000 = T 13 T 23 . (3.4) 



As a last piece of data we fix a unitary corepresentation U of (JV, Ajv) on a Hilbert space K, i.e. U is a 
unitary element in N Cg) B(K) such that (A^r ® t) (t/) = f/ 13 (723- 
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4. The carrier Hilbert space of the induced corepresentation 



This section is devoted to the construction of the carrier Hilbert space of our induced corepresentation. 
The construction of this Hilbert space is modeled on the classical case. We will also give an alternative 
description for the tensor products of this carrier Hilbert space with any Hilbert space. 

Throughout this section we fix a Hilbert space H. 

Definition 4.1. We define the subspace Vh of B(H) ® M <g B(K) as 

Ph = {X g B(H) ®M® B(K) I (t ® a i){X) = [/ 3 * 4 A 124 } . 

It is easy to check that Vh has the following multiplicative structure: we have for any X G Vh that 

1. (Y ® 1)X G V H for all Y G B(H) <g Q , 

2. XY G V H for all Y G B{H) ®Q® B(K) . 

Also the proof of the following result is very elementary. 

Lemma 4.2. Let X,Y G Vh, then Y*X belongs to B(H) ® Q <g B(K). 

Proof. By definition of Vh, we have that 

(t ® a ® 0^**) = ^1*24^34^34^1*24 = C^*A)l24 • 

So we get for all u>i £ B(H)* and lu 2 G -B(A)* that a((ui t w 2 )(y*A)) = (u)i i. w 2 )(y*A) 1 
implying that (wi i w 2 )(y*A) G Q. Arguing as in the proof of lemma 3.1, the lemma follows. □ 

Thanks to this lemma, we can now define a sesquilinear form ( , ) on Vh (H (g Hg ® K) such that 

(X <g v, Y ® w) = ((i (g) 7r e (g) f,)(y*A) u, w) 
for all A, y G Vh and v,w e H <g> Hg <Z> K . 

Lemma 4.3. The inproduct (,) on Vh [H <g Hg <g K) is positive. 
Proof. Choose X\, . . . , X n G Vh and vi, . . . ,v n £ H ® Hg ® K. Then 

n n n 

{ Xi Vi, Xi ) = ^ ((i 7r e <g t){X]Xi) Vi,Vj) . 

Define T G M n (B(H) <g Q ® B(K)) such that T ri = A* A, for all i, j = 1, . . ., ra. It is clear that T > 0. 
Now define S* G M n (B(H) <g <g> B{K)) by setting % = (t (g) 7r e (g /,)(?>;) for i, j = 1, . . ., n, then it 

is clear that S > 0. Thus, 

n n n 

( ^ A. ( ® v i; ^ A; Vi } = ^ (Sji v h Vj) > . 

i—l i— 1 i ,j= 1 

□ 



Set l 7 = {i£ "P ff Q (H ® Hg ® K) I (a;, x) = }. Then (P H Q{H®Hg®K))/J carries the structure of 
a pre-Hilbert space in the usual way. 

Notation 4.4. We define JCh to be the completion of (Vh (H (g Hg (g K))/ J , the inproduct on ICh 
will also be denoted by (,}. For X G Vh o-nd «£JJ® iJg (g A we define the element X (g w in as 
t/ie equivalence class of X <g v in ("Pf/ (-ff ife K))/ J . 

We only need to remember the following elementary facts about /C#: 

1. The mapping Vh * [H ® Hg ® K) ^ K H ■ [X ,v) ^ X ® v is bilinear, 

2. (A ® v, y (g u>) = ((l (g 7r# t)(y*A) u, w) for all X,Y eV H and v,w £ H ® Hg ® K, 
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3. Kb = [X ® v \ X e Vh,v e H (g> H g (g> K] . 

Remark 4.5. In the special case where H = C, the Hilbert space /Cc will turn out to be the carrier 
space of the induced corepresentation. Therefore we set P — Pc and /C = /Ce- 
lt is also clear that the following two properties hold 

1. Let X G V H and w G B{H)*, then (ui <g Kg l)(X) G P. 

2. Let X eP, then l B(H ) ®X eP H - 

In the next proposition we will establish a natural isomorphism between ICh and H <g/C. But observe first 
the following basic facts. Let X be an element in Ph- Since the map H (g Hg g) K — > /C# : i> i— > X g) u is 
clearly bounded (with bound < ||-X"||), the following holds: 

Let D C if g) Hg <g if such that H ® Hg ® K — [D]. Then/C H = [X <g> u | X 6 u G D]. 

Proposition 4.6. There exists a unique unitary linear transformation Uh ■ H g) K, — > suc/i f/iai 
t/ff (v <g (X <g = ® /or all v e H, X e P and w e Hg ® K . Furthermore, the 

following holds: Let v G -fi, {&i)iei an orthonormal basis of H , X G Ph an d w G Hg ® K . Then 
J2iei Wi^v^i ® t <g> OPO ® II 2 < 00 

t/#(X <g> (« g) to)) = ^ e 4 (g) ((wt,, e , g) t <g t)(X) g> w) . 

Proof. For «i, G if, Xl, X 2 £ ? and 101,1112 G if <g K, we have 
((1 g. Xi) g) (vi g) ioi), (1 <g X 2 ) <g> (v 2 ® w 2 )) 

= (0 g> 7r e gi t)((l <g X 2 )(l (g Xi)) (vi gi u 2 g) io 2 ) 
= ((1 g) (?r e g) t)(X 2 *Xi)) (wi ®wi),!i 2 «t(i2> 

= («l,f2> ((7T9 ®t)(^2^l) W l: W 2) 

= (wi,W 2 ) (Xi (g) Wi,X 2 (g u> 2 ) = (ui <8> (^1 <8> Wl),«2 <g> (X 2 ® w 2 )} . 

This implies the existence of an isometric linear map Uh '■ H ® K, — > /C# such that 
C7 ff (t; ® (X <g tu)) = (1 g) X) <g> (w g) w) for all v G if, X G 7> and w <E Hg(g>K. 
Choose X G Pij, u G H and w £ Hg ® K. Then 

||(o;^, ej (g t (g l)(X) (g w;|| 2 = ((irg gi i)(( w «,e, ® << ® t)(-X")*(w t) , e< ® t <g i)(X))w,w) 
iei iei 

= ((7r e gi t)((^t>,« ® t ® t )C x "*- x ')) w > w ) = (( 4 ® ^ ® (t)8ii)),«®ffl) < 00 , 



where we used the normality of t (g 7r# (g t and equation (1.1) in (*). Now we get for all Y G Ph, v' G H 
and w' £ Hg ® K that 



(t/j^^ei ® ((o;^ ®l®l){X) ®w)),Y ® (v' ®w')) 

= ^2 (U H (e l ® ((oj v , ei ®l<Z)l)(X) (g) w) ) , y (g) (« (g io)) 

iGJ 

= ((1 g) (w„ )6< (g t (g ® (e, ® to), y ig> (w' (g w')) 

iei 

= ^ ((t g) 7T9 (g ® ( w f,ei ® i ® OW)) ( e i ® W )> W ' ® W ') 

= ((7T (g 0((w«',ei ® t ® ® ( w f,e, ® t ® w i w ') 



iei 



((ire ®i)((w ViV > ®i®l)(Y*X))w,w') = ((L®ne®i)(Y*X) (v <8> w), v' g) u)') 

(x ® (« (g u;), y <g («' (g w')} ■ 
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Hence U H (J2iei e i ® ((<*>„, e4 ®t®()W®«')) = X ® (v®w). 

From this all we can also conclude that Uh has dense range implying that it is a unitary transformation. 

□ 

Let us now use this proposition to introduce the following notation: 

Notation 4.7. For all X 6 Vh, we define the bounded linear operator X* : H <g> Hg ® K — > iJ ® /C smc/i 
tfiaf X* u = E/#(X ® v) for all v e H ® Hg ® K . 

So we get immediately the following basic facts 

1. The mapping Vh B{H ® Hg ® K, H ® JC) : X — > X* is linear and isometric , 

2. (y)*(X*) = (i <S> -Kg <8> for all X,Y eV H , 

3. ff®x; = [x»«|jrepH,«eff®ffj®Jf]. 

Notice that the definition of Uh implies that (Ib(h) ® X)* — ^b(h) ® X* for all X e V. 

The previous proposition implies for v G H, (ej)j £ j an orthonormal basis of H , X G "Pa and w G Hg®K 

that X)i£7 ll( w f,e» ® 1 ® OPO* HI < 00 an( i 

X* (u ® ui) = ^ ei ® (w„ iCj <g> t (8) i)(X)* tu . (4.5) 

As to be expected, this map Vh B{H ® Hg ® K,H ® JC) : X — > X„ also behaves well with respect to 
the strong topology on bounded sets. 

Result 4.8. Consider a bounded net (Xi) ie i in Vh and X G Vh- Then 

1. If (Xi) ie i — > X strongly, then ((Xj)*)j e j — > X* strongly. 

2. If (Xi) ie i — > X strongly*, then ((Xj)*)j e j — > X* strongly* . 

Proof. 1) Since (Xj) ieJ -> X strongly, the net ((X, - X)*(X, - X)) is a bounded net in ® Q <g> 

B(K) that converges to in the weak operator topology. Therefore the normality of u eg) irg <S> t implies 
that the net ((i.®7T0(g)i.)((Xj — X)*(X, —X))).j also converges to in the weak operator topology. Thus 
(((Xj)* — X*)*((Xj)* — X*))) converges to in the weak operator topology. It follows that ((Xj)*)j £ j 
converges strongly to X*. 

2) Choose y G Pj?. Since (X*) ie/ -> X* strongly, the net ( (X 4 - X)(X, - X)* ) ig/ is a bounded net 
that converges to in the weak operator topology. Therefore ( Y*(Xi — X)(X, — X)*Y is a bounded 
net in B(H) <g> Q <S> B{K) that converges to in the weak operator topology. Thus the normality of 
i <8> 7T0 ® i implies that the net ((t ® irg ® t)(Y*(Xi — X)(X, — X)*y)) also converges to in the 
weak operator topology. In other words, the net ([((Xj)* — X*)*y»]* [((Xj)* — X»)*y»]) converges to 
in the weak operator topology, implying that (((Xj)*)*y*) converges strongly to (X*)*y*. Hence 
(((Xj)*)*(y«)) converges to (X*)*(y*w) for all w G H <g> 7J e ® X. Because the net (((Xj)*)*) is 
bounded and iJ ® /C = [X» u | X G Pjt, v € H ® H e ® K],we conclude from this all that (((Xj)«)*) 
converges strongly to (X,)*. 

□ 

We will also need the following elementary properties. 
Result 4.9. Consider X G Vh, then 

1. (x y)* = x* ( t ® 7T <g> t)(y) /or a?/ y g ® q ® , 

2. ((a <8) 1 ® 1) X)* = (a ® 1) X* /or all a G . 



in 



Proof. 1. Choose v £ H ® Hg® K. We have for all Z gVh and w <E H <g Hg ® K that 

((X Y) m v, Z*w) = ((i <g 7r e <g t )(2*X7) «, «j> 

= ((i ® 7r e <g t)(Z*X)(t ® 7r e (g) t)(F)t>, w) = (X*(t (g> 7r e (g> OPO") ^* w > > 
from which it follows that (X Y)*v = X„(l (g irg (g t)(F) v. 
2. Choose «i,«2 € -ff, Wi,w 2 £ Hg ® K and F G V, then 

(((a (g 1 (g 1)^)„ (vi <g> ioi),U2 ® F, »i) = ((i <g Tre ® t)((l ® F)*(a ® 1 ® 1)X) (vi <g w 1 ),v 2 <g w 2 ) 
= {(i <g 7r e (g t)((l (g F)*X) («i (g wi), a*v 2 <8> w 2 ) = {X* (v x ® wi), a*v 2 <g F* io 2 ) 
= ((a (g 1) X* (vi (g ), a*v 2 <g F* w 2 ) , 
implying that ((a ® 1 (g 1) X)* = (a (g 1) X* for all a e 

□ 



5. The definition of the induced corepresentation 

In this section we define the induced corepresentation as a partial isometry. In a later section we prove 
the unitary of this induced corepresentation under an extra (mild?) condition. 



Consider X 6 V. Using equation (3.2), we see that 

(t <g> a ® l)((A m ® t)(Xj) = (A M <8u ® ® 
= (A M eg i ® t)(f/ 2 * 3 X 13 ) = L/ 3 * 4 (A M ® t)PQi24 ■ 
Consequently, (Am <8> t)(X) belongs to Vh m - 

Proposition 5.1. There exists a unique isometry A £ B(Hm <8> /C) swc/i i/ia£ 

A(v (g X*w) = (A M <g OPO* T i2( u ® w ) 
for all v € Hm, X £ P and w € Hg (g if. Moreover, A belongs to M (g B(IC). 

Proof. Referring to equation ( |3.3| ) we get for all i>i , v 2 g _Hm , »i,W2 £ Hg ® K and Xj , X2 S that 

((A M <g 0(-*i)» T i2(^i ® ( a m <8 i)C*a). T; 2 («a ® 

= ((t®7T fl ® t)((A M ® OWCAjif ® t)(-yi))Ti 2 («i ®wi),Tt 2 (v 2 ® w 2 )} 

= (Tl2 (i (g TTff (g t)((A M ® i)(^ 2 ^l)) T 12(^l ® wi), v 2 ® w 2 ) 

= ((1 ® (7r e (g t)(X2*Xi)) (v! ®wi),v 2 <E>w 2 ) 

= (vi,v 2 ) ((Xt)* ioi, (X 2 )* w 2 ) = (ui <g (Xi)« toi, u 2 <g (X 2 )» w 2 ) . 
From this chain of equalities the existence of A follows in the usual way. 



Choose a £ M' . Take v € Hm, leP and w £ Hg®K. Then, applying result 4.9 twice and remembering 
that (A M <g i){X) G M ® B(H M ) <8> B(K) and T e M (g B(K), we get that 

(A(o <g l))(v <S> X*w) = \(av (g X*w) = (A M <g t)(X)» T* 12 (av (g w) 

= (A M <g 0( x )*( a ® 1 ® !) T *2( w ® w ) = [( a m ® i)(^)( a ® 1 ® !)]* T i2(« ® w ) 
= [(a ® 1 ® 1)(A M ® t)(X)]* T^ 2 (u ® «j) = (a ® 1) (A M ® OW* T i2( u ® ^) 
= ((a(gl)A)(w(gX st w) . 

Hence A(a ® 1) = (a ® 1)A. We conclude from this that A belongs to (M' <S> 1)' = M ® B(/C). □ 
The next proposition establishes that A* is a corepresentation of (AT, Am) on /C. 
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Proposition 5.2. We have that (Am <8 L )W = A 23 Ai 3 . 

Proof. Define A$ = (A M <8 t)A« = (t <8 A M )A M - For all X G V, we have that 

{lB(H®H) ® «® 0( ( A m ® OPO) = ( l ® ^ a ® <-)( a m <8> t® 0( a m <8> 

= (A M <8> i <8 t ® ® " ® 0( A Af <8> OPO = ( a m <8 i <8 t ® i)( c/ 34( A M <8> W124) 
= £^(A^i)(X)m , 
implying that (A M 5 <g belongs to Vh m <s>h m - 

Let JU denote the multiplicative unitary of (M, Am) in the GNS-construction (Hm, t, Ajv/)- We know 
that A M (a:) = W*(l <8> jc)W for all a; G M. 

Choose «i, «2 € Hm, w G -ffe ® K and le?. Fix also an orthonormal basis (ej)iej for i?M- 
1) We have that 

[A M ®i){X){vi ®v 2 (S>X*w) = {W^ 2 X 2 3W 12 )(v 1 <S)v 2 ®X*iu) 

= (Wi* a Aas)(W'(ui <g wa) <g> . (5.6) 



Choose tti,U2 G i?M- Using equation (4.5) in the first and last step of the next chain of equalities, we 
get for all p G Hm and q G Hg ® if that 

W* 2 (in ® (A M ®t)(I),(p® ? )) 

= ^ W* 2 («i ® <g> (w p , e , (8) t <8 a)((Am <8 

= ^ ^ W 7 ^ (ej (8) e 4 (8) [(w Ul ,e 3 ® w P>ei <8u® *.)(! <g> (A M ® i)P0)]*?) 

= 51 ^1*2 ( e J ® e * ® [(^^* 

t <8 l)(W? 2 (1 ® (A M 8 OWJWu)]* «) 

ie/ je/ 
ie/ je/ 

= (A$ <8p<8?) • 

Hence 

W* 2 ( Ul <8 (A M ® OPO* T* 2 (m 2 ® w)) = ( A m ® i)(Jr)*Wi* 2 («i ® T* 2 (u 2 ® to)) . 
This implies that 

W* 2 A 2 3(wi <8> w 2 ® X,u>) = W* 2 (ui <8 (A M ® t) (X)* Ti 2 (m 2 ® w)) 

= (A M ] <g> t )(jr)»Wi*a(«i 8) T* 2 (m 2 ® u/)) = (A$ ® t)(-X")*W7 2 T2 3 («i ® ^2 ® w) 



Combining this with equation (5.6), we find that 

(A M <8 i)( A )(^i ® «2 <8 X*w) = (A$ <8 L)(X)^W* 2 T2 3 Wi2(v 1 <g> v 2 ®w) 

= (A M ] ® t)(X)*(A M (8 t)( T *)l23(«l ® w 2 ® w) 

= (A M 5 ® t)(-X"). T 23 T t 3 («i ®"2®»)> (5-7) 



where we used equation (3.4) in the last step. 

2) Let £ denote the flip map on Hm <8> Hm- Then we have that 

(A23 Ai 3 )(wi (8 w 2 ® X*w) = (A 23 Si2A 23 S 12 )(ui (8U2 <8 X*w) 

= (A 23 Ei 2 A 23 )(z; 2 ® «i ® X»w) 

= (A 23 Si2)(u2®(A M ®0(X)* T ^(%®^)) ■ (5-8) 
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Choose p S Hm, q £ Hg <g K. Then equation ([D]) implies that 

(A 23 £i 2 )(v2 ® (Am <8 

= ^(A 23 Si2)(v2 ® ei <g (w p , ei <g t <8> i)(( A M ® OPO)* <2 ) 



;e/ 



= A 23 (e; <g 1> 2 <g (^p,e, ® i <g t)((^« ® OPO)* <?) 

= e i ® ( A M ® 0(K, ei ® t ® 0(( A M ® OPO))* T 12^2 ® ?) 

iel 

= (g (w P! e 4 ® t ® 0(( A m ® OPQ)* T i2( u 2 Og) ■ (5.9) 



Now, 

• For all u e if M ®H e ®K, 

IIK, ei ® t ® * ® 0(( A m ® OPO)* u II 5 



ie/ 



^((t®7T6i <g l)({Up, ei ®t(8)t(8lt)((A^ 1 (gu)(X))" 



(Wp, e< (g) t <g t <g) t)(( A M 

= ((t®7re®t)((a;p,p(8it(8)t(8it)((A^ (g i)(X*X))) u, u) 
<\\p\\ 2 \\X\\ 2 \\u\\\ 
implying that the linear map 

Hm ®Hg®K -> iJ M (g ff M ® /C : U h-> ^ Ci ® ( w P. e » ® 1 ® 6 ® 0(( A m ® OPO)* u 

ie/ 

is bounded. 

• For tii € Hm, u 2 (g He (g K, we get, by applying equation ( [4.5| ) twice, 

<g> (wp iEi (g) t <g> t <g) t) ((A$ (g t)(I)) # (ui®u 2 ) 

ie/ 

= ^ ^ Bj (g ej (g ((Jp,ei <g ^«i, ej - ® i (g 0(( A M ® OPO)* M 2 

ie/ ie/ 

= (A^ } <gi)(X)*(p<gui <gu 2 ) ■ 

Combining these fact, we get that 

^e,(g(wp iei <8u<8u®i)((A$ ig/)(X)) a< -u= (A^ } ® 
ie/ 



for all u € Hm ® Hq ® K . Using this in combination with the chain of equalities in (5.9), we see that 

(A 23 E 12 )(u 2 ® (A M ® t)(X)*(p ® q)) = ( A i/ ®i){X) tf T* 2?i {p®V2 ® q) . 
Hence, by equation fl5.g|), 

(A 23 Ai 3 )(vi <g v 2 <g = (A$ $ ^2 3 ^* 3 ( u l ® u 2 <g w) . 

Comparing the above equation with equation ( [5.71 ) , we conclude that 

(A M <g t) (A)(ui (g w 2 <g X*ttf) = (A 23 Ai 3 )(t>i (g w 2 ig X*u>) . 

□ 

As mentioned before, A is really the adjoint of the induced corepresentation itself: 
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Notation 5.3. We define p — A*. So p is a surjective partial isometry in M £g> B(K,) such that 
(Am ® l)(p) = P13 p23- We call p the induced corepresentation associated to the quadruple (M, Am), 
(TV, An),0-,U roit/t respect to the GNS- construction (Hg,irg,Ag). We refer to K as the carrier space of p. 

Our definition of the induced corepresentation (and its carrier space) depends on the choice of the n.s.f. 
weight on Q, but it is no big surprise that all these different induced corepresentations are unitarily 
equivalent. Let us quickly formalize this statement. 

So let 77 be another n.s.f. weight on Q with GNS-construction (H v , tt v , A v ). Then u will denote the 
canonical unitary transformation u : Hg — > H v (see e.g. equation (1) in section 3.16 of ]Ti|), Recall that 
uirg(x)u* = n v (x) for all x G Q. 

Let g denote the induced corepresentation of the quadruple (M, Am), (N, Ajv), a, U with respect to the 
GNS-construction (H v , tt v , A v ). Define L to be the carrier space of g 

Proposition 5.4. There exists a unique unitary transformation hi : K, — > C such that IAX* — X*(u ® 1) 
for all X G V . Let H be any Hilbert space, then we have moreover that (1 ® Ll)X* = for 
all X G V H - 

Proof. For X, Y G V and v, w G Hg <8> K, we have 

(X*(u® 1)u,F*(m® 1)w) = ((■K v iSit)(Y*X)(uiSil)v,(u^l)w) 

= ((u* ®l)(irr,®i)(Y*X)(u®l)v,w) = ((ir e ®L)QrX)v,w) = (X.v,Y m w) . 

This implies the existence of an isometry U : AC — > C such that U(X*v) = X*(u ® l)v for all X G P and 
v G (8> K. It is then immediately clear that U has dense range and is therefore unitary. 
Let H be any Hilbert space and X an element in Vh ■ Choose v G H, w G ® K . Take also an 

orthonormal basis (ej)j e / for iJ, then 

(l®W)X«(u®t0) = ^(1 ®U){ej <S> {u v , ei ® t ® l)(X)*w) 
iel 

= ^ e t ® (cj v , ei ® t ® l)w 

= (8 (u ® l)w) = ® u® l)(u ® to) , 

thus (1 ®W)X* = ® u® 1). □ 

Let 5 denote the adjoint of the unitary implementation of the left action 7 : Tr v (Q) — ► M ® ir v (Q), 
defined such that 7(71-77(0)) = (t ® t^Am^e) for all x G Q. By proposition 4.1 of we know that 
5 = (l®u)T(l®u*). From this we easily infer that 

Proposition 5.5. The corepresentations p and g are unitarily equivalent, i.e. g = (1 ®U)p(l ®U*). 
Proof. Choose X G V , v G i?M, w G -He ® Then the previous proposition implies that 

((l®W)p)(u<8>X,it;) = (1<Z>U)(A M ®i)(X)*r* 12 (v<Z)w) 

= (A M ® l)(X)*(1 ® u ® l)T* 12 (v ® w) = [A M ® i)(X)* SJ 2 (1 u ® l)(u ® w) 
= g(u ® ® l)w) = (g(l ®U))(v ® X^w) , 

and the proposition follows. □ 



14 



6. The integrability condition and its consequences for the carrier space K. 

Recall that the action a is called integrable if the set { x G M + \ a(x) € Mt®ip N } 1S cr-weakly dense 
in M + . In general, an action does not have to be integrable but we will show that our special actions 



are integrable under a very mild condition (see proposition 6.2). We will show that if our action a is 
integrable, it is possible to produce an extremely useful dense subset of the carrier space /C. 

Let us first round up the usual suspects: 

1. M + {x e M + | a(x) G M^ S>VN }, so M + is a hereditary cone in M+, 

2. TV := { x € M | x*x G M+ }, so TV is a left ideal in M , 

3. A4 :— the linear span of A4 + , so A4 is a subalgebra of M. 

Lemma 6.1. 1. (ui ® i)A M {x) G M + for all x G M + and w G M+, 

2. (uj ® l)Am{x) G M for all x G M and uj G M*, 

3. Le£ x G TV and w G M*. 77ien (a; <g> ()Am(i) G TV and 

k N )(a{(u) ® l)A m (x)))\\ < ||w|| A N )(a(x))\\ 
Proof. 1) Using equation ( |3.2| ) we get that 

a((w ® l)A m (x)) = (u <g> t ® t)((t <g> a)A M (a;)) = (w ® t ® 0(( A Af <8> t)"^)) • 
So we get for every 77 G M+ that 

(?7 <g> ® A m(o:))) = ( (w ® ry)A Af ® e -^J* ■ 

It follows that a ((a; (8) i)Am(x)) G A4^ lpN . Moreover, we have for all n G M+ that 

T]((i®(p N )(a((u>®i)A M (x)))) = ip N ((n^> t)(a((a; ® t)A M (x)))) 

= (w (8) ij)A M ((t <g> (^Ar)a(a;)) , 
implying that (t <^jv)(a((o) ® t)Aju(i))) = (w ® i)Am ((t <8> <p N )a(x)) and hence 

|| (tig) v3Ar)(a((w® t)A M (a;)))|| < |M| ||(t® <p)a(a;)|| . 



2) This follows immediately from 1. 

3) Using the estimate (u>®l)(Am(x))*(lu®i)(Am(x)) < \\u>\\ (\u>\®i)Am(x*x), this is an easy consequence 
of 1. 

□ 

Now we prove that the integrability of a is easy to check. 

Proposition 6.2. The action a is integrable There exists a non-zero element x G M + such that 
a(x) G Mt^- 

Proof. One implication is trivial. We will prove the other one. Therefore suppose that there exists a 
non-zero element x G M + such that a(x) G M-J^u,- Let TV denote the cr-weak closure of TV in M. Then 
TV is a er-weakly closed left ideal in M so there exists a projection P in M such that TV = M P. 
Choose ui G M*. By the previous lemma, we know that (u> ® <,)Ajw(y) G TV for every y G TV. Therefore 
the normality of (cj (g> l)Am implies that (u> <E> i)Am{u) G TV for all y G TV. In particular, we find that 
(u) ® i)A M (P) G TV which implies that (w <g> t)A M (P) = (a; <g> t)(A M (P)) P. 

From this all we conclude that A M (P)(1 ® P) — A M (P), thus A M {P) < 1 <g> P. Therefore lemma 6.4 of 
p"l| implies that P = or P = 1. But the assumption at the beginning of this proof tells us that P ^ 0, 
hence P = 1 and TV = M. □ 
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For the rest of this paper we assume that our action a is integrable. Thus 

1. M + is a- weakly dense in M + , 

2. Ai and N are a- weakly dense in M. 

Using Kaplansky's density theorem, this also implies that all these sets are strongly* dense in M an this 
in a bounded way, e.g. for every x £ M there exists a net (xi)j E j in M such that < ||x|| for alii £ I 
and such that (x,-), e j converges strongly* to x. 

Definition 6.3. We define the linear map T a : M. — > M such that T a (x) = (i<8>9?Ar)(a(x)) for all x £ M.. 

Remember that T a (x) > for all x £ A4 + . It is also clear that for all x £ M and a,b £ Q, the element 
axb belongs to M. and T a (axb) — aT a (x) b. 



Proposition 6.4. The set T a (A4) is a a-weakly dense two-sided * -ideal of Q. 

Proof. Let x £ M. Then a(x) £ M L ® VN . Thus (a <g> i)a(x) £ M L ^ L ^ >ipN and a((t !g> <pn)(*(x)) — 
(l ® i ® ip N )((a <S> i)a(x)). By equation (3.2), we get that (i ® A N )a(x) £ M.^ L ^ VN and 

(i®t® ¥N)({t ® Ajv)a(x)) = (t ® t ® <^jv)((a ® i)a{x)) — a(T a (x)) . 

By the left invariance of ifN, we know that (t ® t ® ^jv)((i® Ajv)a(x)) = (t® <pw)(o;(a;)) ® 1 = T Q (x) <8> 1, 
thus a(T Q (x)) = T a (x) ® 1, so T a (x) £ Q. 

So we have proven that T a is a two-sided ideal in Q. Using the techniques of the proof of proposition 
2.5(1) in we arrive at the conclusion that T a (A4) is er-weakly dense in Q. □ 

The techniques used in Chap.l, Sec. 3, Cor. 5 of Thm.2 of Q, guarantee the following result (see also 
proposition 5.2(2) of §]). 

Proposition 6.5. There exists an increasing net (xi)i e j in A4 + such that {T a {xi))i^i converges strongly 
to 1. 



So we see that the map T a allows us to produce enough elements in Q. We will generalize this construction 
to produce enough elements in V . We borrowed the basic idea for this procedure from the classical theory 
of induced group representations but have to use quite different techniques to obtain the relevant results. 
The starting point is the following basic result. 

Proposition 6.6. Consider X £ M ® B(K) such that 1/23(0; ® belongs to M.t,®tp N ®i,- Then (l <S> 

<Pn ® 0(^23(0: <8> l)(X)) belongs to P. 

Proof. Because U23(a <g> t)(X) belongs to M. k ® VN ® L , we have that (a ® i <g> i){U-23{ot ® t){X)) belongs to 
■M. L ® L ® VN ® L and 

(l (E) l <E) Lp N <S> i-)((a (E) l <S> i)(U 23 (a <S> l)(X))) = (a ® t)((t ® <p N <g> i){U 2 ^{a <g> l){X))) . (6.10) 

On the other hand, since 1/23(0! ® t)(X) £ Mi® Vtr ®t, the left invariance of ip^ implies that the element 
(l ® A N <g> t)(^23(a ® OPO) belongs to -M,,®^^®,, and 

(i.<gU(g><£Ar<g>t)((i<g> Ajyig) t)(t/ 2 3(a = (l®<Pn® t)(U 2 3(a <S> l)(X)) 13 . 

Therefore f/| 4 (t <g> A w i)(£/ 2 3(a <S> belongs to M u ^ L(S , VN ( Sl , and 

(t(8» 4 (8 ¥>iv ® 0( c/ 2*4('- ® Aat (g) t) (1/23(0 (8 t) PO)) 

= ^2*3 </ ® 4 ® <Pn ® t)((* <8 Ajv ® 0(^23 (« ® OPQ)) 

= C/ 2 * 3 (t <g> ^JV <8 0(^23(0! ® W)l3 ■ (6.11) 
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Since U is a unitary co-representation, we get that 

U24 {t ® A N ® L)(U 23 (a ® 4)(X)) 

= ^24^24^34(4 ® Atv ® t)((a ® = [/ 34 (4 8) A w ® *,)((<* ® 

= U 34 (a ® 4 ® t)((a ® 4)(X)) = (a <8> 4 ® 4)(77 23 (a ® t)(X)) . 



Combining this with equations (6.1C) and (6.11), we see that (4 ® 9?^ 4)(£/23(a ® 4)(X)) belongs to 



V. □ 

Now the natural question arises how to construct such elements X mentioned in the previous proposition. 
This will be dealt with in the next 3 results. First we introduce some terminology. 

Define the norm continuous one-parameter group a* on such that <j^(uj) — uaf N for all t G R. Let 
u) € TV* and zgC. Remember that oj € D(cr*) There exists rj £ such that u>af N C rj. In the latter 
case, a* z {uj) = r). Also note that w £ -D(^) <^> w e D(a*.). If w G -D(cr*), then cr|(u>) = crj(cj). 

We denote the set of elements that are analytic with respect to cr* by „4. 

Lemma 6.7. Let u) G -D(crJ) and 77 G B(K)*. Then (4® r?)([l ® (w ® 4)(f7*)] <7*) belongs to D(a^ N ) and 

2 2 

<?T (( l ® fXl 1 ® ( w ® O^*)] t 7 *)) = ® *?)([! ® ( o-| (w) ® 4)(t/)] f/)) . 

Proof. By proposition 6.8 of jllj], we get for every t G M that 

of ((^ ® »7)([1 ® (w ® 4)(C/*)] [/*)) = o~'^ N ((4 ® 7})((4 ® w ® 0(^2*3^1*3))) 
- <rf " ((4 ® w ® 77)((Ajv ® 4)((7*))) = erf w ((4 ® c^A^ ® ??)(C/*))) 
= (4 ® ^")((ar ® °tt )A n ((l ® r?)(C7*))) = (4 ® ^(^(A^vf ((i ® ^(CT)))) . 

Theorem 1.6 (4) of pl[ tells us that (4 ® 77) (E7*) belongs to £>(rf ) and 
— 2 

rf((4®7 ? )(/J*)) = J R(( i ®r ? )(?7)) . 

2 

Combining these two facts, we see that (t ® 77) ([1 <8> (u; £)(t/*)]t/*) belongs to D(a^ N ) and 

2 

a*" ((4 ® r?)([l ® (w ® 4)(/7*)]/7*)) = (4 ® o-| H )(Ajv(rf ((4 ® 7?)(C/*)))) 

= (4 ® <t|(w) )Ajv(i?((4 ® »j)(tf))) = (4 ® o-l(w) )(X(i? ® R)A n ((l ® 77) (17))) 
= i?( ( a\ (w) ® 4)Ajv((4 ® ?j)(f7)) ) = J*( (4 ® »j)(( tr| (u) R ® 1 ® 4)([/ 13 [/ 23 )) ) 
= ® /7)([1 ® ( ct| (w) R ® 4)(f7)] 17)) . 

□ 

Using the "-operation we get the following variant of this result (needed for later purposes). Let u> G 

D(a*_i) and r) £ B(X),. Then (4 ® j])(U [1 ® {oj ® 4)(<7)]) belongs to D{a v _ N L ) and 

2 2 

o-^i ((* ® »?)(^ [1 ® (w <8 ^(C 7 )])) = ® ^(C 7 * [1 ® (a* » (w) i? ® t)(f *)])) ■ ( 6 - 12 ) 



Lemma 6.8. Define the anti * -automorphism T : N — > N' : x 1— > J^x*Jn. Consider to G D(a*i_) and 

2 

a G N<p N . Then the element [a ® (w ® 4)(J7*)] (7* belongs to N VN ® b and 

{K N ®i){[a®{u:®L){U*)]U*) = (l®(ri(u)R®b)(U))(TR®i)(U) (A^(a)®l) . 
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Proof. Take an orthonormal basis (e^ig/ for K. Choose v G K. Then the er-weak lower semi-continuity 
of tfN implies that 

<p N ( ( t ® w ,„)(([a (w ® t 7 *)* I a ® (w Ol^*)] U*) ) 

= ip N ( ^2(i. w„,ej([a (w ^(t 7 *)] U*)* ( 4 ® w «,eJ([ a (w OC 7 - 7 *)] t 7 *) ) 
iei 



= ^2 1 Pn((l® w w>e J([a (w ^(C 7 *)] C 7 *)* ^,ej([a (w ^(C 7 *)] C 7 *) ) 

= ^ ||Ajv((t w„, e4 )([a (w (8 O^*)] C 7 *))!! 2 
iei 

= ^ ||Ajv(a (t (8 w„ )ei )([l <8 (w 0(17*)] t 7 *))!! 2 , 



so the previous lemma implies that 

ip N { (i w 0l „)(([a (w ^(C 7 *)] C 7 *)* [a ® (w ® ^(C 7 *)] t 7 *) ) 
= J] ||r(<7j"((t ^, ei )([l (w /)([/*)] C 7 *))) A Ar (a)|| 2 



= ^ ||(TiJ)((t<» £-0([l (at (w) i?0 OCC 7 )] E 7 )) AAr(a)|| 2 

= ^ ||(t®w 0ie4 )((l« (tTiHi?® ^(C 7 )) (TR®l)(U)) A N (a) 
iei 2 

= ^((t® Wt;ie j((l® (<ji(w)i2®t)(^)) (™0 l)(U))* 



iei 

(l ® w t ,, e< )((l <8> ( crj(w) i? l)(U)) (TR ^(C 7 )) Ajy(a), An (a)) 
= (U9 Wv,v)( [(1 ( o-* (u) R l)(U)) (TR i)(U)]* 

2 

[(1® (alHi?® l){U)) (TR®L)(U)]A N (a),A N (a)) . 

2 

By the lower semi-continuity of tpx , this implies that 

(p N ({L® w)(([o (w /)([/*)] C 7 *)*^ (w 0(17*)] C 7 *) ) 
= ( (a <8 w)( [(1 ( ex* (w) i? 0(CH) (TiZ ® ^(C 7 )]* 

2 

[(1 ( <ri(w) i? l)(U))(TR ^(C 7 )] Ajv(o), Ajv(o)) . 



for all w G B(K)* from which we conclude that [a (w t)(?7*)] J7* belongs to N VN ® L . By result 1.2 
We have moreover for all u G if that 

(Ajv 0([« ® ( w ® ^(C 7 *)] t 7 *) u 

= Ajv((t Wv,e t )([a (w t 7 *)) 



= A jv(a (i w„, e< )([l (w ^(C 7 *)] C 7 *)) e 4 
ie/ 

= ^ T(at N {(t ^, e J([l (w O^*)] C 7 *))) Ajv(a) ® e, 
ie/ 2 

= J^(Ti2)((t u v>ei )([l ( cr| (w) i? ® ^(C 7 )] C 7 )) AAr(a) 
ie/ 2 

= ^0 ® w«, e< )((l (o-t (w) -R ^(t 7 )) (ri? iX^ 7 )) A Ar(a) e, 

ie/ 2 
= (l0(CTl(w)i?®O(C 7 ))(ri?0O(C 7 ) (AAr(a)®i>) . 
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□ 

This lemma implies easily the next one. 

Lemma 6.9. Consider lu £ D(a*) and X € M N such that X £ W t0yjv . Then [X (w ^2*3 

2 

belongs to Af L ® VN ® L and 

(l Ajv t)([X (w t)(J7*)] ^2*3) 

= (1 10 (a*Hi?0O(^))(Ti? 0^(^23 (MA^psT) 1) . 

2 

Proof. We know that there exists a bounded net (X$)i e j in M A/" VJV such that (Xj)i E j converges 
strongly* to X and ( (t A^)(Xj) ), e j is a bounded net that converges strongly* to (1 Aat)(X). Then 
( [Xj eg) (w Cg) t)(J7*)] C/ 2 *3 is surely a bounded net that converges strongly* to [X Cg) (w t)(U*)] t/ 23 . It 
follows easily from the previous lemma that [JQ 0(0;® i)(J7*)] U 23 belongs to N u ®tp N ®i and 

{l®K n ® t)([Xi (w ^(t 7 *)] ^2*3) 

= (10 1® ( CT l(w)i?0i)(£/))(Ti?0t)(L/) 23 ((l0 Ajv)(Xi)<g>l) . 

2 

Therefore the net ((t® A^ 0(^0 i)(U*)] ^23) )j g j i s bounded and converges strongly* to 

(1 1 (<rt (w)JZ® (™ ® 0(C) 2 3 ((i 8> A W )(X) 1) . 

2 

Using the cr-strong*-strong closedness of t A^ 1, the lemma follows. □ 
So we get easily the following two results that will be crucial to us. 

Result 6.10. Consider x £ j\f and uj £ D(a*_ ± ). Then U 23 (a{x*) (w t)(l/)) G A/^ 8t . 

Proof. The element w belongs to -D(oi ). Hence the previous lemma implies that [a(x) Cg) (w t) (£/*)] t/ 23 

2 

belongs to A/l 8viv8l , implying that U 23 [a{x*) (w t)({7)] belongs to M*^^. □ 



Remark 6.11. Now proposition p.6| implies the following results (the second is a special case of the first 
one). 

1. Consider x £ TV and ui £ D(a*_ i ). Let X £ M B(iT) such that (a e M® VJV cg> t - Then 

2 

U 23 (a t)([x* (w t)(C)] X) belongs to M^ VN ^ L and the element 

(i0 t^AT 0(^23(0 (w L)(U)]X)) 

belongs to V. 

2. Consider x £ M and ui £ D(a*_ ± ) and y 6 B(K) Then the element U 23 [a(x) (i®w)((J) y ] belongs 

2 

to A^Kgi^jy^t and the element 

(i (^at t) (t/23 (^ (C) y ] ) 

belongs to "P. 

Result 6.12. Consider x £ AT, X £ V and uj £ D(u\). Then (a i.)([a; (u -X") belongs to 

Proof. By lemma |6j| we get that [a(x) (uj t)(t/*)] [/^a belongs to N L ®ip N ® L implying that the element 
(a(x) (cj l)(U*))U 23 Xi 3 belongs to Af t ® VN ® L . Because (a t)(X) = U 23 Xi 3 , the result follows. □ 



Proposition 6.13. There exists a directed set I and nets [cn)i^i in j\f, (wi)ig/ in A such that 
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1. (t <8 (^jv ® i)(f/23[a(ata,) ® (wj <8 tX^X^* ® 0(^0*] ^2*3) < 1 / or a ^ * G I- 

2. TTie ne£ ( (t ® <^jv <8 0(^23 [a(a*af) <8 (w, ® t)(Z7)(aii <8 0(^)*] ^23) ) ieJ converges strongly to 1. 
Proof. Choose b G Af and 77 G A Notice that 77 G A Using lemma we see that 

(t ® 93 at O 0(^23 [a(6*6) 0(77® 0(^)(»? ® ^(C 7 )*]^) 
= (t ® A w ® t)((a(6) ® 1)([1 ® (r? ® 0(C / )*]C / *)2 3 )* 

(t ® Ajv <8 ® !)([! ® fa ® 0(^)*]^*)aa) 
= (t ® A w <g> t)((a(b) <8 1)([1 <8 (77 ® t)(C*)]^*)23)* 

(4 ® A^v <8> ((«(&) ® !)([! ® (V ® 0(C / *)]C / *)2 3 ) 
= [(l«l®((r*(P® (TiZ ® 0(^)23 ((i ® Ajv)(a(6)) ® 1)]* 

2 

[(1 <» 1 (8 ( ctj (77) A ® OC^)) ( Ti? ® 0(^)23 ((* <8 Ajv)(a(&)) 1)] 

2 

= ((t ® Ajv)(a(6))* <8 1) (TiZ ® t)(tf*)a3 

(1 1 ® ( o-l (77) fl <g t)(cn* ( crl (77) i? <8 O(C^) ) 

2 2 

(Ti? ® t)(^)28((t 8) A N )(a(b)) ® 1) , (6.13) 
Let us now get hold of some interesting elements: 

1. Using proposition |6.5| , we get the existence of a net [x{)i e i m -M + such that 

• (1 (8 yjv)(a(^i)) — 1 f° r au ' e ^> 

• The net ( (t (8 </3Ar)(a(x;)) ) ;eL converges strongly to 1. 

2. Theorem 1.6 of plj guarantees that the *-algebra { (<p (8 t) (J7) | <f> G JV* } is a non-degenerate sub*- 
algebra of B(K) (iVjis defined in definition 2.3 of |^2[ ). Hence Kaplansky's density theorem implies the 
existence of a net (<f>j)j£j in TVj such that 

• ®l)(U)\\ < 1 for all j G J, 

• ( (<j)j (8 0(^0 )jeJ converges strongly* to 1. 

Since { cr%(ff) R | 77 6 .4} is dense in TV*, this implies easily the existence of a net {r) p )p£p in A such that 

2 

• \\{v*{r)p)R®i){U)\\ < 1 for all p £ P, 

2 

• The net ( ( a* (fj p ) R (8 0(E/) ) converges strongly* to 1. 
Thus we get that 

• (a*(fj p )R® i){U)* {a*[f}p)R®L){U) < 1 for all p G P, 

2 2 

• The net ( ( a\ (fj p ) R (8 OW* ( CT 1 # ® t)(U) ) peP converges strongly to 1. 

We will use these nets to construct the nets whose existence is claimed in the statement of the proposition. 
So let F(Hm <8 K) be the directed set of all finite subsets of Hm <8 K. Set I = F(Hm <8 K) x N and put 
the product ordering on this set. 

Choose i = (F, n) G I. We get first of all the existence of an element l,eL such that 

|| [(t ® ® 1)]« - "II < ^ 

2n 

for all v G F. 

By the chain of equalities in (3.13), We have for p G P that 

(t (8 ^jv 8) i)(^2 3 [a«^J ® (»7p ® t){U){r) P ® t)^)*]^) 
= ((i(8 A A r)(a(a; i J)* ® 1) (Ti? ® t )((7*) 23 

(1 (8 1 <8 (o-| (?7 P ) F ® 0(^0* ( CT ! (%) ^ ® 0(^0 ) 
(TR <E> l)(U) 23 ((l (8 A N )(a(x h )) <8 1) . 
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This implies that 

• We have for p G P that 

<8> <p N <g> i)(U 23 [a(xlx h ) <8> (?/p t)(U)(7] p <g> t)(U")*]t/ 2 * 3 ) 

< ((t ® A JV )(a(x ii ))* (8) 1)(TJE ® l)(U*) 23 (TR ® t)(t0as((t ® A JV )(a(x ii )) <8> 1) 
= (i ® ipN){a(x*.xi i )) <g> 1 < 1 . 

• The net 

( (i (g) ^ N ® t)(^a3[a(*i>i*) ® fap ® ® O(COI^s) ) pGp 

converges strongly to 

((t (8 Ajv)(a(ariJ)* ® 1)(TJE <8> t)(U*) 23 (TR ® t)(C0as((t ® A JV )(a(^ i )) ® 1) , 

which is equal to (t <8> (^Ar)(a(a;*.a;; i )) (8> 1. 

From this we infer the existence of an element pi G P such that 

|| (i®<pN®L)(U23[a(xt i xi i ) <8> (t7 Pi ® i)(U)(T) Pi ®o)(U)*]U 23 )v 

-(0 ® ^jv)(a«a;i i )) ® 1) u|| < 77- 

for all v E F. 

Now set <Zj = xi i and = rj Pi . Then 

1. (1 <8> <^v <8> t)(^23[a(o-cti) <8> (Wj (8 t)(U){wi <8> 0(^)1^2*3) < 1 

2. For all neF, 

|| (t <8> ^ <8> 0(^23[a(a*ai) ® ® t){U){ui <g> t){U)*]U 23 ) v -v\\ < - . 

n 

It is also clear that the last inequality implies that the net 

( (i (g> <p N ® t)(^23[a(o* Oi) ® (wj <g> t>)(U)(wi (g) t)(£/)*]L/ 2 * 3 ) ) ie/ 
converges strongly to 1. 

This proposition provides the necessary ammunition to prove the next lemma. 

Lemma 6.14. The carrier space JC is the closed linear span of elements of the form 

(i®<p N ® i){U 23 {a <8> t)([a* <g> (cj<8> l)(U)] X))^ 

where a G Af, uj G A and X G M ® -B(A') suc/i (a (8 t)pf) G M L ® VN (^ L , v £ Hg ® K . 

Proof. Choose F G "P and v G -ffg ® AT. The previous lemma guarantees the exstence of a directed set 
a net (aj)ie/ G A/" and a net (wj)igi in A such that 

• (i <8> <pn ® t)(^23[a(a*o») ® (wj <g> i)(U)(uJi ® tX^ 7 )*] ^2*3) < 1 f° r al l « e 7 > 

• The net 

( (i <8> <^at O^K^i) <8> ® L)(U)(tOi <8 0(^)1 ^2*3) ) ieJ 
converges strongly to 1. 

By result |6.12| , we have for every i £ I that (a ® i)([a, (8 (w* <8> t)(Z7)*]F) belongs to J\f L ® VN( g, L and 

(ngx/Jjv <8> t)(f23(a® t)(( a i ® ( w i ® ® ( w i ® 0(^)*)^)) 

= (t (8) v?jv <8> i){U 23 [a{a* ai ) <8> (u, <8> L)(U)(ui <8> 0(^)1^2*3 ^is) 
= (t ® vjv <8> 0(^23 [a(a*ffli) ® <8> ® 0(^)1^2*3) ^ ■ 

From this it follows that 
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is a bounded net that converges strongly to Y, Referring to result 4.8, we conclude from this that the 
net 

( ® ip N ® i)(U 23 (a ® ® ( w i ® 0(C / ))(a 4 ® (w< ® « ) ie/ 

converges to Y„v. □ 

We will combine this result with the next elementary technical lemma on slice weights to get to the 
penultimate result of this section. It will also be clear that the next lemma holds for any n.s.f. weight 
on any von Neumann algebra. 

Lemma 6.15. Consider X £ M®N®B(K) such that X £ J\f L ®<p N ®i- Then we have for every uj £ B(K)* 
that (t ® 4 ® tu)(X) belongs to Af Lf g, VN . Moreover, the following holds, 
Let v £ Hm, w £ K and (ej)j E j an orthonormal basis for K , then 



iei 

and 

iei 

Proof. Let us first prove the first statement. Choose Y £ ■M^ (pN ^ l an d V S B(K)+. Then we have 
for all 6 M+ that (0 ® t) ((4 ® t ® 7j)(Y)) = (0 ® 4 <g> 77) (y) which belongs to .M+ . This implies that 
(4 ® 4® 77) (F) belongs to 

Let w € B(K)*. Using the inequality (4 ® 4 ® w)(X)*(4 ® 4 <g> oj)(X) < (4® 4® \uj\){X*X), the above 
considerations imply that (4 ® 4 ® lo){X) belongs to Af L ® VN . 

Now we turn to the second statement. Therefore choose v £ Hm, w £ K and (ej)i E j an orthonormal 
basis for K. We have that 

^2 IK 1 ® An)((i. ® 1. <Z> u w , ei )(X)) v\\ 2 = ^((4® VAr)((t® i®w Wtei )(X)*(i<g) L®u w>ei )(X)) v,v) . 
iei iei 

Since ( J2ie i( L ® 4 ® w *u,eJPO*(t ® 1 ® ^w.eJPO ) jeF(i) * s an mcreasm g ne t that converges strongly to 
(4 ® 1 ® the above equality and the a-weak lower semi- continuity of 1 ® </?at implies that 

^ || (i ® Ajy)((i ® 4 ® W m , e ,)W) uf = ((t ® Viv)((t ® t ® < 00 . 

Take an orthonormal basis {fijieL of i/ju- Then result implies that 

(4 ® A N ® 4)(X) (« ® w) = /| ® A N ((aj Vt f t ® t®n)„ iei )(X)) ®ei , 

(i,l)eI*L 



On the other hand, referring to result 1.2 once again, we get that 



^2 (4 ® Ajv)((4 ® 4 ® w w>ei )(X)) v ® e., = ^ ^ /; ® Ajv((a;„ i / ! ® 4)((i ® 4 ® u^ejpf))) ® 

y^y^/i ® Ajv((w„,/, ® 4 ® w w , e J(X)) ® e; . 



ie/ ie/ leh 



■iei leh 

Comparing both expressions, we conclude that 

(4 ® A N ® l){X) (u ® = ^(4 ® Ajv)((4 ® 4 ® uj WyCi )(X)) v 



iei 

□ 



Now the proof of our last result is a mere formality. 
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Proposition 6.16. The carrier space /C is the closed linear span of elements of the form 

{i®ip N ®i){U 2 z[a{x) {lu ® l){U)]) , 
where x £ M., lu £ A and v £ Hg ® K . 

Proof. Choose a G Af, uj G A, X £ M B(K) such that (a if)(X) G Af L ® VN ® L , u £ Hg and w £ K. 
Lemma 6.14 tells us that /C is the closed linear span of elements of the form 

(i®<p N <g}L)(U 23 (a® i)([a* (v ® l)(U)] X)) m (u ® w) . 

Take a basis (ej)j e j/ of if. There exists ?y G such that r](x) = (irg(x)u,u) for all x £ Q. Since M is 

in standard form, we can find an element q £ Hm such that rj(x) — {xq, q) for all x £ M. 

From the previous lemma, we know that (i ® ei ) (X) belongs to Af for all i G i and that the net 

(y"l(t® Ajv)(a((t ® w^eJPO)) g e, ) JeF(J) 

converges to (t ® Ajv ® t)((a w). (*) 

Fix J £ F(I) for the moment. Then 

|| (KgxpN ® L){U 23 (a® t)([o* ® ® t)(f)]X))*('U(8)U;) 

- ^(i y>jv (8 i)(C/23(«(a*(i w w>ei )(X)) (w i)^)))^ e,) || 2 
ie.J 

= \\(i<8xpN® i>)(U 23 (a ® t)([o* ® (w ® t)(?7)] ® w) 

- ^(t ® ip N ® L)(U 23 (a(a*(i ® w^Jpf)) ® (w t)^)))^ ® e;) f 
ie,7 

= || (i Ajv ® 0(H a ) ® ( w ® OC^)*] c/ 2*3)*( i ® Ajv 0(^)(« ® w ) 

- ^0 Ajv i)([a(a) {to ^(C 7 )*] ^23)*((* ® A/v)(a((i w„,, ei )PQ)) 9 e;)f • 

Therefore the convergence in (*) implies that the net 

(^(t ip N L)(U 23 (a(a*(i w„, ei )(X)) (w l){U))) ^(u e*) ) JgF(/) 
■ieJ 

converges to (t 93 jv 0(^23(0! 0([ a * t)(f/)] X)) st (u Therefore the proposition follows 
from the considerations in the beginning of the proof. □ 



7. Unitarity of the induced co-representation under the integrability condition 

Also in this section we will assume that a is integrable. The aim of this section is to prove the unitarity 
of the induced corepresentation under this extra assumption. 



Define Ao = ( (w ® t)Ajy (a) | ui £ M„, a £ Af). From lemma S.l we know that A/"o C Af and that 

||(t®A*)(a((w®OAjif(a)))|| < Nl ||0 Ajv)(a(a))|| (7.14) 
for all a £ Af and u) £ M* (a fact that we will use several times in this section) . 
Let us also define a certain closed subspace of K.: 

Notation 7.1. We define /Co as the closed linear span of the elements of the form 

ip N t,)(U 23 [a(y*x) (oj iX^ 7 )])* v , 
where x, y £ Ao, w£i awe? u G Hg if. 
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We will ultimately prove that /C = /Co- 

Lemma 7.2. We have that X(H M <g £) C iJ M (g /C . 

Proof. Choose x,y G M, ui E A, v €. Hm and w E Hq ® K . Then 

A( u g (l ® ^jv <g 0(^23 [a(j/*a;) ® (w ® 4)(C7)])* w ) 

= (A M ®t)(('-«)'^Ar®0(C / 23[a(y*^)«)(w«)t)(^)]))» T i2(v«'w) • (7-15) 



Choose an orthonormal basis (ej)j e j for Hm- Choose p 6 i?M and q E Hg ® K. By equation ( f4.5[) , we 
know that the net 

(51 e i ® ( w p^ ® «■ ® 0(( A M ® ® ® 0(^23 g (w (8 t)P)])))»«) JeJ?w ( 7 - 16 ) 
converges to 

(A M ® t)((* ® Viv ® ^(^["(y*^) ® (w g t) (?/)]))„ (p ® g) ■ 
In the next part we will show that each of the sums in this net belongs to Hm <g ICq. Therefore fix 
j E I. Because U 2 3[a(y*) g (uj ® l)(U)] belongs to N'*^ lpN ^ and a(x) g 1 belongs to .M,®^^, we get 
that C/ 34 [(A M <g t)(a(y*)) g (w i)(Z7)] belongs to A/"* 0l(g)¥ , JV(8t and that (A M g L)(a(x)) (g 1 belongs to 

J^L®®np N ®i. and 

(A M g ® ^ ® 0(^23[a(2/*x) g (w g t)(J7)])) 

= (4 ® 1 g i^jv <g l)(U 34 [(A M ® 0( a (f*)) ® ( w ® OC* 7 )] I( a m ® OOfX)) ® 1]) 
This implies that the net 

( ^(4 ®ip N ® i.)(fw e ,,ej <g 4(g 4<g 0(^34 [(A M ® ® ( w ® L )(U)]) 

(w Pj e, g> 4 (g 4<g t)((Au g 0(a(a;)) ® 1) ) )zeF(i) 
is a bounded net that converges to 

(ui P;ej ®i®t)((A M ®L)((i®<p N g t)(Z7 23 [a(2/*x) g (w <g 4) (E/)]))) . 
Therefore result [T^ guarantees that the net 

( ^(4 ®tp N ® i)((ui ei , ej <g 4 (g 4 <g t)({7 34 [(A M <g t)(a(y*)) <g> (w ® t) (?/)]) 

{uo p , ei t)((A M ® OK*)) ® !)), 9 ( 7J7 ) 

converges to 

(u Ptttj <g4® 4) ((A m ® 0(( t( X"^JV ®4)(f7 2 3 [a{y*x) g (w <g 4) (U)])) ) jt g . 



But, using equation (3.2), we have for alH £ L that 

(4 (g ip N ® 4)( (w eijej <g i <g> t (g 4)({7 34 [(A M g ® ( w ® O^)]) 

(w Pjei <g 4 <g 4<g i)((Am t)(a(x)) g 1) ) >t g 
= (4 (g <Pn ® 4)( (w eii e 3 (g 4 g 4 ® 4)({7 34 [(4 (g) a)(A M (y*)) ® (w 8) 4)(E/)]) 

(wp !ei (gi 4 (g) 4 (8» 4)((4 ® a)(A M (x)) gi 1))^ q 
= (L®(p N ® 4)([/ 23 [a((w e3iQ ® t)(Aj;(?/))*(w p ,e, ® 4)(A M (a;))) <g (w <g 4)(C/)] )» <j, 



which clearly belongs to ICq. Therefore the convergence in (7.17) implies that 

(cj Pie:l (g 4 ® 4)((A M ® 4)((4 <g> ip N ® i)(U 23 [a(y*x) g (w g 4) ([/)]))) ^ q 
belongs to /Co- Consequently, by referring to the convergence in ( 7.16| ), we see that the element 



(A M <S> ® yjv ® 0(^23 [a(2/*£c) g (w ® t)(C)] )) j)t (p g g) . 
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The lemma follows now from equation (7.15). □ 

The next lemma is the last crucial step in the proof of the unitarity of the induced corepresentation. 
Lemma 7.3. We have that [ (a ® l)Xv \ a € M, v € H M ® K. ] C H M ® IC . 

Proof. Define the unitary element V G B(H M )®M such that V{T M {a)®T M {b)) = (r M ®r A/ )(A M (a)(l® 
b)) for all a,b G M^ M . Then the following holds 

1- (wr M (a),r„(6) ® 0(V) = Wte ® t)(A M (b*)(a ® 1)) for all a, 6 e A^ M , 

2. (t®A M )(V)=V 12 V 13 , 

3. A M (a;) = V(x ® for all x G M. 

Call A the norm closure of { (u® i)(F) | w G B{Hm)* }, then is a c-weakly dense sub- C* -algebra of M 
such that V belongs to the multiplier algebra M(Bo(Hm) ® -A) (for once, the tensor product is here the 
minimal C*-algebraic tensor product). These last properties follows from the fact that V is a manageable 
multiplicative unitary in the sense of J2jj . 

First we prove some small technical results 

1. Consider a Hilbert space H, x G AT, v, w G Hm and a G B(Hm ® if). Then the element 

(t ® a)((w„ iX . u , ® t ® i)(^i*3(a ® !))) belongs to M®k»v> w and 

||(t®t(8)Aiv)((i®a)((c<;„ >x . u ,(8)t(8)t)(V r 1 *3(a(8il))))|| < |M| ||w|| ||a|| ||(t ® Ajv)(a(a:))|| . 
If it G ffjvf) we denote by U the element in B(C, Hm) defined by 9 u (c) = cu for all c G C. We have that 

(oJ v ,x*w ® t <8> t)(V r 1 * 3 (a ® 1))* (wv^u (8) l ® t)C^i3( a ® 1)) 

= [(6** w ® 1 ® l)V£(a ® 1)(0„ ® 1 ® 1)]* [(6»*, TO ® 1 ® l)V? 3 (a ® 1)(0„ ® 1 ® 1)] 

= (6»* ® 1 ® l)(a* ® 1)V 13 (9 X * W ® 1 ® 1)(6>*„„, ® 1 ® l)Vi*3(a ® 1)(0„ ® 1 ® 1) 

= (6>* ® 1 ® l)(a* ® l)Fi 3 (x* ® 1 ® 1){0 W 9* W ® 1 ® l)(x ® 1 ® l)y x * 3 (a ® 1)(6>„ ® 1 ® 1) 

< ||wf (6>* ® 1 ® l)(a* ® l)V 13 (a;*a: ® 1 ® l)l^(a ® 1){0 V ® 1 ® 1) 

= 1 1 7X7 1 1 2 (u>„,„ ® l ® t)(( a * ® l)Ajvf(a:*a;)i3(a ® 1)) . 

Therefore 

(t ® a)((a;„ iX » w ® t ® t)(V* 3 (a ® 1)))* (t ® a) ((w WiX . w ® t ® t)(V{ 3 (a ® !))) 
< ||w|| 2 (cj Cj „ ® t ® t ® t)((a* ® 1 ® l)(t ® a) (A M (x* a;)) 134 (a ® 1 ® 1)) 
= ||w|| 2 (a; 0j „ ® t ® l ® t)((a* ® 1 ® 1)(A M ® i)("( a; * a; ))i34(a ® 1 ® 1)) . 
Since a(x) G M L ^ N , this implies immediately that the element 

(t ® a)((w„ !X ««, ® t ® OO'iJtC ® 1)))* ( 4 ® a)((w UiX » Ji , ® t ® i)(y i * 3 (a ® 1))) 
belongs to A-f^®^ and 

(t ® t ® </3jv)( (t ® a)((w w ,a:« w ® t ® i)(l / 1 * 3 (o ® 1)))* (i ® a) ((Wn^.a, ® t ® t)(^13(° ® !))) ) 

< ||w|| 2 (i.® i® <pn)((Uv,v ® i ® i ® t)(( a * ® 1 ® 1)(A M ® i)( a ( a; * a; ))i34(a ® 1 ® 1))) 
= ||w|| 2 (w Ujt , ® t ® t)((a* ® l)A M ((t ® Lp N )a(x*x)) 13 (a ® 1)) , 

implying that the element (t ® a) ((w VtX * w ® t ® i)(l / 1 * 3 (a ® 1))) belongs to N l ®l® Vn and 
||((,® t® Ajv)((t® 0(^(0 ®l))))|| a 

< Ikll 2 IMI 2 ll«f ||(i ® ^)(«(x*x))|| = IMI 2 || W || 2 ||a|| 2 ® A JV )(a(o ; )^ 2 
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2. Consider x G Af and v, w G Hm- Then (u„ iit . M ® belongs to Af and 

||(t®A JV )(a((o; t ,, x . U) (8)0(V*)))|| < ||v|| \\w\\\\{i® k N ){a{x))\\ . 
This is just a special case of the result proven in the previous part. 

3. Let x G Af. Then (A M ® i)a(x) G Af L ® Lt g> VN and 

||(K»K8i A jV )((A M ® 0«(*))ll = ® A Ar)(a(a;))|| . 

We have that (Am ® i)(«(i))*(Am ® i)(a(a:)) = (Am ® t)a(a;*a;). Because a(a;*a;) belongs to Al^^, 
this implies that (Am ® i)(ct(i))*(Ajj ® i)(a(a:)) belongs to AA'^ l ^ VN and 

||(t®t®^ A r)((AM(»i)("(2;))*(AM«'0("(2 ; )))ll - ||A M ((t(8)< / 9 J v)Q!(a;*a;))|| = ® ^ JV )o ! (a;*a;)|| . 

Having dealt with these elementary technical issues, we can start with the essential part of the proof. 
Let T denote the Tomita-algebra of ipN- By properties 2 and 3 above, we get that 

[ (t ® i ® Aat)((A m ® ® t)(^*))) I £ G A/", v,w E Hm } 

= [(tgu® A JV )((A M <8)4)a((a;r M (6 c ), x «rM(a) ® 0(0)) I a; G A", a, 6 G Af^ M ,c G T] 
= [(i<8u<g> Ajv)((A m ® i)a((i) M <S> 0(A M (a*a;)(&c<g> 1)))) I ar G A/ - , a, 6 € A/"</, M ,c G T] 
= [ (t <g) t ® Ajv)((A m ® t)a((^M <S> 0((°'f " ( c ) ® l)A M (a*x)(6 ® 1)))) | 

x G A/", a, 6 G A/^ M ,c G T] 
C [ (i ® t ® Aat)((A m ® t)a(y)) | y G Ao ] . 

Therefore, 

[(tot® Aat)((A m ® t)a(y)) (a ® 1) | y G A/" , a G A] 

D [(t® t<8) Ajv)((A m ® ^(K^'u, ® 0(0)) (a 1) | x G A/", w G H M ,aE A] 
D [{L®L®A N )((A M ®i)a{(u yv , x . w ®i,)(V*))) (a® 1) | 

x e Af,y e B Q (H M ),v,w G #M,a G A] 
D [(t® i® Aj V )((i<8>a)A M ((wi,«,x*t U ® 0(0)) (a® 1) | 

x e Af,y e B Q (H M ),v,w G i?M,a G A] 
= [(i® t® Ajv)((t0 a;)((t<W«tt, ® t® 0(^1*3^1*2))) (a® 1) 

a; G A", y G B (H M ),v, w G -Hm, a G A] 
= [(t® t® A JV )((t®a)((w„, x . t „ ® t® 0(OO2/® a )]i2))) I 

x e Af,y e B (H M ),v, w G i?M, a e A] . 
Referring to property 1 above, we infer from this that 

[(t® 1® Ajv)((A m ® i)a{y)) (a ® 1) | y G AA , a G A] 

D [(t®/.®A A r)((t®a)((a> t ,, :l; « w ®t®/,)(^r3(^* z )i2))) I 

i£jV,ze B (H M ) ® A,v,w e H M ] 
= [(t® t® AAr)((t® a)((w„ ;X .„, ® t® 0(^i*3 212))) I 

x G A/", z G B {H M ) ® A,v,w <E H M ] 

D [(t®/,® A A r)((t®a)((^ i:E « w ®t®/.)(^i*3(j/8 )a )l2))) 

x eAf,y G B Q (H M ),v,w G #M,a G A] 
= [(t® t® Ajv)((t® a)(a® (uv, x .„, ® 0(0)) | 

x G A", y G B (H M ),v,w G i?M,a G A] 
= [a® (t® Ajv)(a((w I , t , ia; . 1JJ ® 0(0)) | z G A/",y G B (H M ),v,w G H M ,ae A] . 
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Hence, invoking property 2 above, we conclude that 

[(tig) i® Ajv)((A m ® t)a(j/)) (a® 1) | y 6 AA , sei] 

2 [a® (t® Ajv)(a((cJ„, x * w <8>t)(^*))) I a: £ A", t>, to £ i?M,a £ -4] 
2 [a ® (t (8 Ajv)(a((cj rM(cd)iX , rM(6) ® t)(V*))) x £ A/", 6, c G A/^ M , d £ T,a e A] 
= [a® (t ® Ajv) (a((V>M ® 0( A Af(&*a;)(crf® 1)))) | cc £ A", 6, c 6 Af^ M ,de T,ae A] 
= [a® (t, ® Ajv)(a((^M ® t)((o-f M (<0 ® l)A M (6*a;)(c ® 1)))) | 
.t £ A", 6, c £ M,p M ,d £ T, a £ A], 



so that inequality (7.14) us lets conclude that 

[(i®t® A N )((A M ® t)"(j/))(a®l) | y £ A" ,a £ A] 

D [a® (t ® A JV )(o;((a;p ! g ® i)A M (&*a:))) | a; £ A", b £ A/^ M ,p,<j £ H M ,ae A] . 

Now, 

[ (a* ® l)Xv | a £ A, v £ % ® /C ] 

= [(a*®l)A(u® (i®^Ar®0(^23[a(x 2 £i)®(^®0(^)])* w ) I 

a e A,xi,x 2 £ Ao, u £ H M , w e Hg ® K,r] e A] 
= [ (a* ® 1)(A M ® ® <Pn ® t)(f/ 23 [Q;(a;|a;i) ® (77 ® ^(C 7 )])),, T i2( u ® I 

a £ A, £1, #2 £ Ao, u £ Hm,w £ i/e ® AT, 77 £ .4 ] 
= [ (a* ® 1)(A M ® ® ® O^K^i) ® (77 ® iX 17 )]))* (w ® w) 

a £ A, xi, x 2 £ Ao, U £ H M ,w E H e ® K,-q <E A] 
= [{0*2® 1)(A M ® ® ® 0(^23 H^i) ® (77 ® i)!^)]))* ( a i« ® w ) I 

ai, a 2 £ A, xi,X2 £ A/"o, u £ Hm,w £ ® A, 7; £ A] 
= [ ((02 ® 1 ® l)(i ® 1 ® <^jv ® 0(^34 [(Am ® t)(a(^|a;i)) ® (77 ® t)(U)]) 

(ai ® 1 ® 1))^ (u ® t«) I 01, a 2 £ A, xi, x 2 £ Ao, u £ H M ,w e Hg ® K,rj e A] 
For 77 £ A, we define the element Z v £ B(Hm ® A) as 

Z„ = (Ti? ® t) (£7* ) (1 ® ( a* ± (77) i? ® i) ([/)* ) . 



(7.18) 



By lemma 6.9, we have for ax, a 2 £ A, X\,X2 £ Ao and 77 £ A that 

(a 2 ® 1 ® l)(i ® 1 ® 93 at ® t)(C/ 34 [(A M ® ^(a^a!!)) ® (77 ® 0( C7 )]) ( a i ® 1 ® 1) 
= ( [(i ® t ® Ajv)((Am ® O"^)) (a 2 ® 1)]* ® 1) 

{Z v ) 3i ( [(i ® i ® Ajv)((A m ® i)a{x x )) (ai ® 1)] ® 1) 
Similarly, using lemma |6.9| , we have for x\,x% £ A/o and 77 £ A that 
(^ ® (pj\[ ® O^K^i) ® (77 ® t)(C/)]) 

= ((i ® A N ){a(x 2 ))* ® 1) (Z„)23 ((i ® Aiv)(a(a;i)) ® 1) . 



(7.19) 



Therefore inclusion (|7.18| ) implies that 

[ (a* ® l)Xv \ ae A,v e H M ® /C ] 

2 [a 2 aiu ® (t ® ip N ® t)(C/ 23 [a((w P2ig2 ® t)(A Af (6 2 a; 2 ))* 

(w Pl)9l ® <,)(Am(&*:ei))) ® (77 ® t)(^ )])* w I a i> a 2 G A, n, 2:2 G A", 
61, 6 2 £ M^ M ,u £ H M ,w £ #0 ® A, 77 £ A,pi,p 2 ,qi,q2 £ #m] 

Take a bounded net {fi)iel m A/^, M such that (fi)iei converges strongly* to 1. 



(7.20) 
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Let p,q G Hm and x G J\f. Then 

(i®A N )(a((jj Piq ®L)A M (ftx))) =(9*®1® l)(Kg> Kg) Ajv)((t® a)Ajf(J?i))(« p ® 1 ® 1) 

= (0* ®l®l)(t(8a)(A A f(/ l *))(Kg(Kg)Ajv)((Kg)a)AM(a;))(ep®l«il) , 

so that the normality of (t (8) a)AjK implies that ( (i ® Ajv)(a((o;p jg ® i)Am(/*i))) ) iG/ is a bounded net 
that converges strongly* to (t ® Ajy) (a((w Pi q ® i)Am(i))) 

Using this fact and formula ( |7.1S ), we get for all x%, X2 G A/" and pi,p 2 , 9i, 92 G P^M that the net 

{{l®Vn® L)(U 23 [a((u P2tq2 ® t)(^(/i*a'a))*(wp 1 ,» ® 0(Am(/*xi))) ® (rj ® t)(f )])) ieJ 
is bounded and converges strongly* to 

(i,®ip N ® i)(U 23 [a((w P2tq2 ® i)(A M (x 2 ))*( 

t)(A M (a!i))) ®(»?® t)(^)]) • 

Therefore result [O] and inclusion ( 7.20| ) above imply that 
[ (a* <g> l)Au aei,ue P M <8> fC } 

D [u ® (Kg) ^jv ® t)(^ r 23[a((^p2,g2 ® (Am (2:2))* 

( w Pi,gi ® i)(A M (a;i))) <8> (17 ® t)(^)])* w I xi,x 2 GA/",uG H M , 

W G Hg ® K,T] G yl,pi,p 2 , 91, 92 G i?M ] 
Because M is supposed to be in standard form, this becomes 
[ (a* ® l)Au aeijue P M ® /C ] 

D [li (g) (Kg) 93Ar ® t)(^23[a((w 2 ® l)(A] f (l2))* 

(wi (g> t)(A M (xi))) (g) (17® t)(C/)])» w I a;i,ar 2 G A/", u G Pm, 
ID G Hg ® K,T] £ A,u>i,u) 2 G M* ] 
= [u®(i®(p N ® i) (U 23 [a(y 2Vi) ® (?? ® 0(^)1)* w I 

it G #m, w E Hg® K, 2/1, J/2 G A/"o, 77 G yl] 
= H M <8> /Co . 

□ 



Lemma 7.4. We /iaue i/iai X(Hm ® /Co) = ® /Co- 

Proof. Define p to be the projection on /C . Also define 4> — A(l ®p), then <f)*<j) = (1 ®p)A* A(l ®p) = 1 ®p 
implying that tf> is a partial isometry in M ® P(/C). Define P — (jxjf = A(l ® p)A* G M ® P(/C) to be the 
final projection of 0. Thus, since (Am ® = ^23Ai3, we get that 

(A M ® t)(P) = (A M ® t)[\(l ® p)A") = A 23 Ai 3 (l ® 1 ® p)AJ 3 A^ = \ 23 Pi 3 \ 23 ■ 

Because X(Hm ® /Co) C P M ® /Co, we have that A(l ® p) = (1 ®p)A(l ®p), implying that P(l ®p) = 
A(l ®p)A*(l®p) = A(l ®p)A* = P. Hence 

(A M ® i)(P) P23 = X 23 P 13 X* 23 X 23 (1 ® 1 ® p)X* 23 

= X 23 P 13 {1 ® 1 <8 P)A^ 3 = A23P13A23 - (A M ® O(-P) ■ 

Arguing as in the proof of lemma 6.4 of jy], we conclude from this that (Am ® i>)(P) = P 2 3- So we get 
for every u G P(/C)* that A A /((i ® w)(P)) = 1 ® (i® w)(P) and thus (t ® w)(P) G CI by result 5.13 of 
[j"T| . This implies that P G (B(Hm) ® 1)' = 1 ® P(/C). Therefore there exists a closed subspace /Ci of 
/C such that P is the orthogonal projection on Hm ® /Ci, thus X(Hm ® /Co) = 4>{Hm ® /Co) = Pm ® /Ci- 
Hence the previous proposition implies that 

H M ® /Co = [ (a ® l)Au | a G M, w G P M ® /C ] = [ (a ® l)w | a G M, w G P M ® /Ci ] = % ® /Ci, 
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thus /Ci = /Co and the lemma follows. □ 



Now we only have to tie up the loose ends to arrive at our final conclusion (we still work under the 
integrability condition of the beginning of the section!): 

Proposition 7.5. The induced corepresentation p associated to the quadruple (M,Am), (N,An), ol, U 
with respect to (Hg, 7rg, Ag) is a unitary element in M (g) B(K). 

Proof. By lemma [7.2| and the previous lemma, we know that 

X(H M (8) K) C H M ® /C C X(H M ® K ) , 

Since A is an isometry, this implies that Hm ® JC C Hm <8> /Co and hence /C = /Co- Using the previous 
lemma once more, we get that X(Hm <8>/C) = Hm®IC so that A is unitary. Because p = A*, the proposition 
follows. □ 

It is also worthwhile remembering that /C = /Co • 



8. A CORRESPONDENCE BETWEEN WEIGHTS ON Q AND CERTAIN WEIGHTS ON M 



Also in this section we will assume that a is integrable. Extend the function 7W + — > Q + : x ^ T a {x) to 
a function 7^ : A/ + — > M+. t such that 7^(x) = {i®ipn)(a{x)) for all a; £ M + . Here we consider the map 
l® tfN '■ (M ® iV) + — > M+. t as an operator valued weight. The positive extended part Qtx± 1S naturally 
embedded in M+. t (see proposition 1.9 of ||). It is proven in proposition 1.3 of |l9| that, under this 
embedding, T a (M + ) C Q+ t and that 7^ : M + — > (3+^. is a semi-finite operator valued weight. We use 
this operator valued weight T a to pull weights down from Q to M (we will use proposition 2.3 of || for 
this): 

Definition 8.1. Consider a n.s.f. weight rj on Q. Then we define the n.s.f. weight fj on M such that 
fj(x) = n(T a {x)) for all x £ M + . 

For any normal weight n on Q and any element x £ Q+ the element f](x) £ [0, 00] is defined in such a 
way that the following holds. Let {rji)i^i be a family of elements in Q+ such that n(y) — Viiu) f° r 

all y £ Q + (such a family always exist). Then r)(x) — X^e/ Vi{ x )- 

Such pulled down weights satisfy a natural invariance condition with respect to a (see proposition 2.8 of 
I)- 

1 

Proposition 8.2. Consider a n.s.f. weight 7/ onQ, a £ M.^ and v,w £ D(S^). Then (t (g> u> VlW )a(a) 
belongs to M.^ and 

fj((i®w VtW )a(a)) = {S^v 1 S^w)f](a) . 

A similar result holds for tpM- 

Proposition 8.3. Consider a £ M^ M and w£JV,. Then (t ® uj)a(a) £ M.~X U and 

4>m((i <8> w)a(a)) = ipM(a) . 
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Proof. We may assume that a > and u> > 0. We have for u/ € M+ that 

(l ® u>')A m ((l ® Lj)a(a)) = (t®w'®w)((A M ® t)a(o)) = (i® (a/ ® w)a)A Af (a) . 

Therefore the right invariance of ipM implies that (t ® o/)Ajvf ((t ® w)a(a)) £ ^% M - 

Using proposition 5. 14 of [jn] , we conclude from this that (t®w)a(a) belongs to A4 J M . By right invariance 

of V'Af we have moreover for all u>' £ M+ that 

■tp M {{L®u})a{a))w'{l) = $ M ({L®w')& M {{i®u)a{a)))) = ip M ((b <g> (a;' ® u)a)A M (a)) 
= ip M {a){uj' ®uj)(a(l)) = ^ w (a)w(l)w'(l) , 

implying that iPm((<< ® w ) a ( a )) = ^Pm{o) w(1). □ 

Consider a n.f.s. weight on M and a positive self-adjoint operator 7 affiliated to TV such that Aw (7) = 
7 ® 7 and for all a € A^ and all 1?, iu £ D(7'), we have that the element (t (g) cJ„ iU) )a(a) belongs to Af^ 
and 

0((i®avu,)a(a)) = 0(a) (7^,7^) . 

Choose also a GNS-construction {Hj,,Tt$, A^) for 0. In the next paragraphs we will state some results 
without proof because we believe the reader has acquired the necessary skills and techniques by now to 
check these results him or herself. 

First of all, we have for a £ A/^, v £ -D(7^) and u> £ ifjv that (t ® cu VtW )a(a) £ A^ and 

||A ((t®^ !to )a(a))|| < ||A (a)|| \\~fh\\ \\w\\ . 

Let (ej)jgj be an orthonormal basis for -ffjv- Then we have for a £ AQ, and v £ D(ji) that 

5^ ||A ((i®^ !e Ja(a))|| 2 = ||A (a)|| 2 h^wf < 00 . 
iel 

Therefore we can define an isometry £ B(H r / ) ® if/v) such that 

V4 (A^(a) (8) t>) =^A ((t®u; _i^ e )a(a)) <8> e, 

for all a £ A/^ and u £ D{-f~^). 

It follows that (t (g) w„, w )(V^) A^(a) = A^((t ® w 7 -^ M ) a ( a )) f° r au a e u e and w £ if at. 

Using the results of proposition 2.9 of 0], we get that is a unitary element in 3(11^) ® N such that 

1. (tt0 ® t)(a(a))V^ = V^(7T0(a) <g> 1) for all a £ M. 

2. (t® Ajv)(V^) = (V^)i 2 (V^)i 3 

Let v denote the scaling constant of (N, A at) and define the strictly positive operator P in Hm such that 
P lt K^{a) — vi An(t^ (a)) for all t £ M and a £ A/ VAr . We also let J denote the modular conjugation 
of ip N . Recall that JPJ = P~ x (see proposition 2.13(2.7) of and that r t N (x) = P u xP- u and 
R N (x) = Jx*J for all £ £ R and a; £ A. 

If 7 is a strictly positive operator affiliated with A^; arguing as in the proof of proposition 7.5 of || lets 
us conclude that 74(7) = 7 for all t £ M. So 7 and P strongly commute. 

If A and B are strictly positive operators in Hn that strongly commute, we denote by A-B the closure 
of the composition AB. 

In the next proposition we will rely on relative modular theory (see e.g. section 3.11 of |T?j] ). 
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Proposition 8.4. Let i £ {1, 2}. Consider a n.f.s. weight <pi on M with GNS-construction (Hfa , A^) 

and suppose there exists a positive self-adjoint operator 7, affiliated with N such that Ajv(7i) = J% ® 7« 

1 

and for all a £ ■M r j, i and all v, w £ D{p(? ), we have that the element (l ® uj v ,w)ct(a) belongs to M-fc and 

<f>i([L ® u> v ,w)a{a)) = 0i(a) (7 i 2 «,7 i 2 w) . 
Lei V denote the modular operator of 4>2,4>i with respect to the above GNS- constructions. Then 

V<h ( V ® li'-P' 1 ) = (V ® 7 2 ~ 1 --P" 1 ) ^ ■ 

Proof. Let T denote the densely defined closed linear map from within H ( p 1 into -ff</, 2 such that A^ (A/^ H 
A/"? 2 ) is a core for T and TA^ (x) = A^ 2 (x* ) for all x £ A/^ t nA/J 2 . Recall that the pair J, V is by definition 

the polar decomposition of T, i.e. T = JV^. 

_ 1 1 

Choose v £ D(j 1 2 ) and w £ D(7 2 2 ). Let a £ N<p 1 HAfl . Then (t ® w 1 )a(a) belongs to A/^ and 

A ( ^ 1 ((t®£j _i )ct(a)) = (t®w«, tu )(l^ 1 )A^ 1 (a). Moreover, 1 )(a(a))* = (t®cj 1 )(a(a*)) 

7 1 2 v,w 7 1 2 v.w ^,7i 2 ^ 

which implies that (tigiu; 1 )(a(aj) belongs to Ml . It follows that (l^ u VtW )(V ! j) 1 )A ( j >1 (a) belongs to 

7 1 2 v,w 

D{T) and 

T^tgiu^O^JA^a)) = A^((i(g>w _i )(a(a))*) = A^((t(»w 1 )(a(o*))) 
= (t®wi 1 )(Vk)A*,(a*) = (t®w 1 4 . 

7 2 u),7 1 t; 7 2 w,7 1 d 

Since such elements A^ x (a) form a core for T, we conclude that 

(t®w 1 -l )(%)TCT(t®0(^)' (8-21) 

7 2 1^,7-,^ U 



Taking the adjoint of this inclusion we find that 



(t®w»,„)(V£)T* CT*( t ® W _i a )(V£) (8.22) 

7i 2 -u,7 2 W 



Since (t ® Ajv)(V0 4 ) = (V0J12 (V0J13, we get for every a; £ A/*, that the element (lj ® i)(^>.) belongs to 
D(Sn) and Sn((ui ® = ( w ® i )(KT ■)■ Since Sjv = Pjy, this implies easily that 

(t = (i®u jphwJp _ hv ){V^) . (8.23) 

for all v £ D(P~5) and id £ £>(pi). 

- 1 - 1 - 1 _i - 1 _i 

So we get for v £ -D(7i P 2 7 2 P 2 ) and w £ -D(7 2 2 P _2 7 2 2 P~ 2 )- 

(*«. J v = (t ® Wjp _ 4io Jp 4 J(^) t*t c r* (t " 7r i Jpi „. 7 i JP -iJTOr 



or in other words, 



(4® <*;„,«,) (V<h) V C V(t®cj 1 , 1 1 _i , _i 1 )(V^J 

7 1 2 P37 1 2 P5d,7 2 2 P ^7 2 2 P !b 



Since -D(7 2 P 2 7 2 P 2 ) is a core for 71 -P and D(7 2 2 P 2 7 2 2 P 2 )isa core for 7 2 1 - P 1 , it follows easily 
that 

{i®u v>w ){V^) V C V(t(g)w (7i . p) ^ (7 -i. p _ 1)tu )(l/ 01 ) 
for all w £ P>(7i-P) and w £ -P" 1 ). By lemma 5.9 of Q, we conclude that 

^x(V® 7 r 1 -P- 1 )C(V® 72 - 1 -P- 1 )^ 1 . (8.24) 
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Taking the adjoint of this equation of this equation and multiplying it with V r j >1 from the left and the 
right, we arrive at the other inclusion. □ 



Corollary 8.5. Define the strongly continuous one-parameter group K on N by setting Kt(x) — 
6% r t N (x) for allteR and x £ N. Then 

a<j t = (of ® K-t)a 

for all t £ M. 

Proof. Apply the previous proposition with cf>i = (f>2 = 6 and some GNS-construction (i?,7r, A) for 9. In 
this case , 71 = 72 = Sn and V is the modular operator for 6 in this GNS-construction. Then we get for 
x £ M and t £R that 

(tt ® 0(«(of(a))) = W(*f (*)) ® i)v7 

= V^V^aOV - '* ® l)V § * = V s (V u n(x)\/- lt ® 8j* P~ lt P u 6%)V § * 
= (V 4 * ® ^*P- i *)^(7^(a;) ® ljV^V - ** ® P"<$) 
= (V 4 * ® S^P-^H ® i)(a(x))(\7-' lt ® P 2 '<^) 
= (fr ® t) ( (of ® K- t )a(x) ) , 
and the corollary follows. □ 

In the next two proposition we characterize all the weights on M which can be pulled down from Q by 



the procedure in definition 8.1 



Proposition 8.6. Consider a n.s.f. weight r\ on Q. Then 

a((Dfj, DipM )t) = {Dfj, DipM)t ® S^ lt 

for all t £ E. 

Proof. Call V the modular operator of the pair fj, ipM- By equation (11) of section 3.11 of Jl7j we know 
that (Dij, DipM)t — V lt W^} for all t 6 1. Applying the previous proposition to the pair fj, tpM (in 
which case 71 = 1 and 72 = Sn), we get that V^ M (V ® P _1 ) = (V ® S^ 1 ■ P~ 1 )V t / JM . If we apply the 
previous proposition to the pair ipM, ipM (m which case 71 = 72 = 1, we get that V^, U (W m ® P _1 ) C 
(V M ®P- 1 )Vi Pm . 
So we get for all i G R that 



a((Drj, Di> M ) t ) = V^ M ((Dfj, Drp M ) t ® 1)^* M = ^ M (V i4 V^* ® P~ U P U )V; 
(Dfj,Difj M )t® $ N U 



(v 14 ® ^p-")^ f; m (v^* ® p") = (v it ® ^*p- rf )(v^ ® p u ) 



□ 



It is now easy to prove the converse of the previous result. 

Proposition 8.7. Consider a n.s.f. weight <f> on M such that a((D(j), DtpM)t) = (Dcj>, Dif>M)t ® S N lt for 
all tel. Then there exists a unique n.s.f. weight rj on Q such that <j> = fj. 

Proof. By the previous proposition, we have for t £ R that 

a{{D<j),D6) t ) = a{{D<j>,DxljM)t{Di>M,De) t ) 

= {(D<p, DipM )t ® S N U ) {{Dil> M , D0) t ® 4) = (D<f>, D0) t ® 1 , 



:t2 



from which we conclude that (D(fi,D8)t belongs to Q. By theorem 4.7(1) of || we also get that 

{Dcp,D6) s+t = (D<f>,D§) s a § s ((D<t>,D6) t ) = D0) s a e s ((D& D0) t ) . 

Therefore theorem 5.1 of |l7j implies the existence of a n.f.s. weight 77 on Q such that (Dr] 1 D9)t — 
(Dcj>, D6) t for all t £ R. Theorem 4.7(2) of § tells us that (Dfj, D6) t = (Dr), D6) t = (D<j>, D0) t for all 
iei Hence, r) = 4>. □ 
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